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Abstract
In this paper, we are going to define and study the Drazin and Moore-Penrose spectrum and obtain some
result for Drazin and Moore-Penrose inverse.

2010 Mathematics subject classification: Primary 47AS5S5, Secondary 39B52.

Keywords and phrases: Drazin spectrum, Moore-Penrose spectrum, Drazin inverse, Moore-Penrose
inverse.

1. Introduction

An element of a complex Banach algebra A is called regular (or relatively regular) if

there is x € A such that axa = a. If a is relatively regular, then it has generalized

inverse, which is an element b € A satisfying the equations aba = a and bab = b .A

relation between a relatively regular element and its generalized inverse is reflexive in

the sense that if b is a generalized inverse of a , then a is a generalized inverse of b.
We say that an element a € A is Drazin invertible if there is x € A such that

xa = ax, ax® = x, d =d*'x €))
for some nonnegetive integer K. For any Drazin invertible a € A such that x is unique;
We write x = aP, and call it the Drazin inverse of a. We write AP for the set of all

Drazin invertible elements of A.
An element a € A is Moore-Penrose invertible if there exists x € A such that

xax = x, axa = a, (ax)" = ax, (xa)* = xa 2)

There is at most one element x satisfying above; If a is Moore-Penrose invertible, the
unique solution of (1.2) is called the Moore-Penrose inverse of a and is denoted by a'.
The set of all Moore-Penrose invertible elements of A is denoted by A,
Let A be a unital C*- algebra. The Drazin spectrum of an element a € A is the set
sppr(a) = {4 € C; Ae — a is not Drazin invertible}.
Let A be a unital C*- algebra. The Moore-Penrose spectrum of an element a € A is
the set
spup(a) = {4 € C; de — a is not Moore-Penrose invertible}.
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2. Main results

Now we state some properties of Drazin and Moore-Penrose spectrum. To achieve
our goal, we need to express the following theorems.

Theorem 2.1. Consider C*-algebra A, and a, x € A. Then
(i) the equation a = axa and (ax)* = ax are equivalent to a = x*a*a.
(ii) the equation a = axa and (xa)* = xa are equivalent to a = aa*x".
(iii) the equation x = xax and (ax)* = ax are equivalent to x = xx*a".
(iv)the equation x = xax and (xa)* = xa are equivalent to x = a*x*x.

Theorem 2.2. Consider C*-algebra A, and a € A. Then the following statements are
equivalent:

(i) x € A is the Moore-Penrose inverse of a.

(ii)a* = xaa® and x = xx*a*.

(iii) a = aa*x* and x* = axx".

(iv)a* = a*axand x = a*x* x.

(v)a =x"a*a and x* = x*xa.

Theorem 2.3. Let a € A be normal. Then the following are true.
(i)ac A" < ae AP.
(ii)ifa € A, then a' is normal and commute with a.

Theorem 2.4. An element a of a C* -algebra A is Moore-Penrose invertible if and only
if a*a (respectively aa*) is Drazin invertible. Ifa € A", then
a" = (@*a)Pa* = a*(aa*)P

Theorem 2.5. An element of a C* -algebra is Moore-Penrose invertible if and only if
it is regular

Theorem 2.6. An element of a C* -algebra is Moore-Penrose invertible if and only if
it is regular

Theorem 2.7. Let a,b € AT, Then
b'—a" = -b"(b—a)a" + (e - b'H)(b* — a")a')'a" + b' (b)Y (b - a*)e—aa’) (3)
1
Theorem 2.8. Ifa,b € A" are such that ||b — || < §||cfr||_l and ||bbT — aa®|| < 1 then
1611 < 4lla”]| )

Theorem 2.9. Let a,,a be nonzero elements of A" such that a, — a in A . Then the
following conditions are equivalent

a —a' (5)
a,,ajl —s aa' (6)
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ajlan —a'a @)

supllal]| < co. (®)

Theorem 2.10. Let a(t) be a C* -algebra valued function defined on an interval J such
that 0 # a(t) € A" for all t € J and that a(t) is defferentiable at ty . Then the function
a'(1) is differentiable at t, if and only if one of the condition of perivious theorem is
satisfied. the derivative (a')’ = (a') (ty) is given by

@'y = =d'd'd" + (e -d'a)a) @) a" +a' @) (@) (e -aa) 9)
where a,a*,a’, a’ stand for a(ty), a*(ty), a' (1), a'(ty) respectively.

Theorem 2.11. Let a(t) be a C* -algebra valued function defined on an interval J such
that 0 # a(t) € AT for all t € J and that a(t) is defferentiable at t, . Then the function
a’(t) is continuous at ty. The following conditions are equivalent.

a'(His continuous at 1.

a(t)a’ (t)is continuous at t.

a’(H)a(t)is continuous at t.

there is § > 0 such that sup ||la’(t)]] < co.

In the following theorems we state two properties of Drazin spectrum.

Theorem 2.12. Let A be unital Banach algebra and consider a € A . Then the
following statements are equivalent.

(i) o(a) is at most countable.

(ii) opr(a) is at most countable.

Theorem 2.13. Let A be a unital Banach algebra and consider a,b € A. Then

opr(ab) = opg(ba).

Now by above theorems we stablish a new properties of Moore-Penrose spectrum
Theorem 2.14. spyp is non-empty.

Is it true that if we have a Banach algebra A that every element of A has Moore-
Penrose inverse then A ~ C?
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