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Abstract

In this paper we initiate and study the Hecke ∗-algebra for a discrete hypergroup K and its m–
subhypergroup H.
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1. Introduction and Preliminaries

In this work we extend the ideas in [5] and [2] for a hypergroup pair (K,H) in which
K is a discrete hypergroup and H is an m-subhypergroup of K, where m is a left Haar
measure of K. This new structure coincides classical Hecke algebra in the group case.
We show that a property putting on elements of Ω, called condition (β), is equivalent
with the associativity of the convolution product between elements of Ω. Our main
references for hypergroups are [1], [3] and [4].

Definition 1.1. Suppose that K is a locally compact Hausdorff space, (µ, ν) 7→ µ ∗ ν
is a bilinear positive-continuous mapping from M(K) × M(K) into M(K) (called
convolution), and x 7→ x− is an involutive homeomorphism on K (called involution)
with the following properties:

(i) M(K) with ∗ is a complex associative algebra;
(ii) if x, y ∈ K, then δx ∗ δy is a probability measure with compact support;
(iii) the mapping (x, y) 7→ supp(δx ∗ δy) from K × K into C(K) is continuous, where

C(K) is the set of all non-empty compact subsets of K equipped with Michael
topology;

(iv) there exists a (necessarily unique) element e ∈ K (called identity) such that for
all x ∈ K, δx ∗ δe = δe ∗ δx = δx;

(v) for all x, y ∈ K, e ∈ supp(δx ∗ δy) if and only if x = y−;

Then K ≡ (K, ∗,− , e) is called a locally compact hypergroup.
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Let f and g be complex-valued Borel measurable functions on K. For each
x, y, z ∈ K we define

fx(y) = f y(x) = f (x ∗ y) :=
∫

K
f d(δx ∗ δy) and f (x ∗ y ∗ z) := fx(y ∗ z).

Throughout this paper, we assume that K is a discrete hypergroup with left Haar
measure m, and H is a subhypergroup of K. We denote by C(K) the space of all finite
supported complex-valued functions on K. We denote H\K := {H ∗ a : a ∈ K},
K/H := {a ∗ H : a ∈ K}, and H\K/H := {H ∗ a ∗ H : a ∈ K}. The set of all functions
f ∈ C(K) such that f is constant on all left and right cosets of H is denoted by CT(H).

2. Main Results

Definition 2.1. Let K be a discrete hypergroup with a Haar measure m, and H be a
subhypergroup of K. We say that H satisfies condition (β) if for every f ∈ CT(H),
every set A of representatives of distinct elements of H\K and each a ∈ K, there is a
set B of representatives of distinct elements of H\K such that (χA f )a dm = χB f a dm,
i.e. for all g ∈ C(K),∫

K
g(x)(χA f )(x ∗ a) dm(x) =

∫
B

g(x) f (x ∗ a) dm(x).

Proposition 2.2. Let G be a discrete group and H be a subgroup of G. Then H satisfies
in condition (β).

Definition 2.3. Let K be a discrete hypergroup and H be a subhypergroup of K
satisfying the condition (β). The set of all functions f ∈ C(K) satisfying following
properties is denoted by Ω:
1. for each x ∈ K, f is constant on H ∗ x;
2. for each x ∈ K, f is constant on x ∗ H;
3. for each x, y, z ∈ K, h ∈ H and µ, ν ∈ Mc

+(K), if x ∗ y ⊆ x ∗ z ∗ h, then∫
K

f d(µ ∗ δx ∗ δy ∗ ν) =
∫

K
f d(µ ∗ δx ∗ δz ∗ δh ∗ ν);

4. for each x, y, z ∈ K, h ∈ H and µ, ν ∈ Mc
+(K), if y ∗ x ⊆ h ∗ z ∗ x, then∫

K
f d(µ ∗ δy ∗ δx ∗ ν) =

∫
K

f d(µ ∗ δh ∗ δz ∗ δx ∗ ν).

Definition 2.4. Let K be a discrete hypergroup and m be a left Haar measure of K. A
subhypergroup H of K is called m-subhypergroup if χAdm = χBdm, where A and B
are two arbitrary sets of representatives of distinct elements of H\K.

Definition 2.5. Let K be a discrete hypergroup with a left Haar measure m, and H be
an m–subhypergroup of K. For each f , g ∈ Ω and x ∈ K, we define

f ∗ g(x) :=
∫

A
f (x ∗ y−)g(y) dm(y) and f ∗(x) := f (x−),
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where in the above integral, A is a set of representatives of distinct elements of H\K.
In Theorem 2.8 we will show that the above convolution does not depend on the choice
of the set A.

Lemma 2.6. Let K be a discrete hypergroup with a left Haar measure m, H be a
subhypergroup of K satisfying the condition (β), f , g ∈ C(K), and a ∈ K. If A is a set
of representatives of distinct elements of H\K, then there is a set B of representatives
of distinct elements of H\K, such that

[χA ( f ∗ g)]a = [(χB f ) ∗ g]a.

Proposition 2.7. Let K be a discrete hypergroup with a left Haar measure m, H be a
subhypergroup of K satisfying the condition (β), f , g ∈ C(K), and a ∈ K. For every set
B of representatives of distinct elements of H\K, there is a set E of representatives of
distinct elements of H\K such that∫

K
h(y)[χA ( f ∗ g)](y ∗ a) dm(y) =

∫
K

(χEha−)(y)( f ∗ g)(y)dm(y).

Theorem 2.8. Let K be a discrete hypergroup with a left Haar measure m, H be an m-
subhypergroup of K satisfying the condition (β). Then with convolution and involution
introduced in Definition 2.5, the space Ω is an ∗-algebra.

Corollary 2.9. Let K be a discrete hypergroup and H be a subhypergroup of K. Ω with
the convolution and involution introduced in Definition 2.5 is a ∗–algebra if and only
if H satisfy in the condition (β).

Definition 2.10. The set Ω with above convolution and involution is denoted by
H(K,H) and is called hyper-Hecke ∗-algebra.

Remark 2.11. Note that in the case that G is a discrete group, Γ is a subgroup of G,
K := Γ\G/Γ, doubel cosets of Γ in G, and H := {ΓeΓ}, the trivial subhypergroup of K,
then H(K,H) is the classical ∗-Hecke algebra.

Theorem 2.12. If K is a discrete hypergroup and H is a subhypergroup of K, then H
satisfies the condition (β) if and only if K is a group. In the other words, the space Ω
related to (K,H) is an ∗–algebra if and only if K is a group.
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