Submitted to the 5% Seminar on Harmonic Analysis and Applications . v IJ
Organized by the Iranian Mathematical Society Jtems ety | Seminaron

. . . Ssige)la BT W) | Harmonic Analysis
January 18-19, 2017, Ferdowsi University of Mashhad, Iran 55 5 [ Jantsopicatins

Weighted Hardy-type Inequalities with Sharp Constants in L,
Spaces

Omip BAcHANT" and ZoHRE GHAZVINI

Abstract

Error estimate and the rate of convergence are very important in the framework of numerical analysis.
Without doubt having enough information of the most important inequalities play an important role in
achieving better bound in numerical algorithms. This paper focuses on Hardy’s inequality associated
with the Jacobi weight function w®® = (1 — x)*(1 + x)® with I := (-1, 1).
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1. Introduction

Hardy-type inequalities have attracted a lot of interest during all the years from the
dramatic prehistory (see until Hardy discovered his famous inequality in 1925 [1]) to
a still very active research (see [2, 3]).

We now recall that classical one-dimensional Hardy inequality [4]: let 1 < p < oo,
f(® >0, and F(x) = [[* f(t)dt, then
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In this work, we give an extension of this inequalities for the weight functions
w(x) = (x —a)® and w(x) = (b — x)*.
2. Main result

Let Q be a Lebesgue-measurable subset of R? (d = 1,2,3) with non-empty interior,
and let f be a Lebesgue measurable function on Q.

Definition 2.1. For 1 < p < oo and the positive weight function w(x) (a.e.), let
LE(Q) :={f : fis measurable on Q and 1fllpe < oo},
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where for 1 < p < oo,

= ( [ 1P ooar) ",

and
1flleo := ess supex|f(x)l.
Definition 2.2. The Sobolev space H]}(Q2) with m € N is the space of functions

f € L2(Q) such that all the distributional derivatives of order up to m can be
represented by functions in L2 (Q). that is,

H'(Q)={f e L2(Q): D'feL2(Q) for0 <yl <mj,
equipped with the norm
u 12
1o = ( D 1D flow) -
[y1=0
Definition 2.3. The space Hgfw is defined as the closure of C°(€2) in Hp;(€2), where
Cy () is the set of all infinitely differentiable functions with compact support in €.

Theorem 2.4. Suppose that a < b be two real numbers, 1 < p < o0 and q = p%l. Let
a < §. Then for any f € LP(a,b) with w(x) = (x — a)®, we have the following Hardy

inequalities:

b1 * p 1 P\ b
f (x_ a f f(f)dt) (x—a)¥dx < (1 — ia/)(]:) f FP()(x — a)%dx. (1)
a a - ;

Similarly, for any f € LP(a, b) with w(x) = (b — x)%, we have

b 1 b » 1 p » b
f (—b — f f@dt) (b - x)"dx < (1 — ia)(p_— 1) f b - ()
a X P a

Proof. Firstly we prove the first inequality. The prove of the second inequality
is similiar to the first one. Pick 0 < B < é, we will specifie it later. Define

F(x) = (x — a)@/r-1 fa " f(f)dt. We start using Holder’s inequality

(x = @)~V F(x)| = If fdi < f |f@)(t = afllt = a)-Bldt

< f ora - ayta)” f - ay )

> p (x = a) =¥\
< ( f e -ara) " (=—=—)"

= (1 - gB)y™o( f 0P - apfdn) - ae
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hence
F(l < (1 - gp)~/( f 0P - )" - @y o,
a
Therefore
IF(x)IP < (1 - qﬁ)_”/"( f ) LF (1P (t - a)f’ﬁdt)(x — q) Pp-0-o),
a

Integrating and using Fubini’s theorem, we get
b b X
f IF(olPdx < (1 - qﬁ)_”/"f (f F@P @ = a)(x = a) PP dr)dx
a (lb db
< (1-gBy"" f ( f FOF(& =) (x —a) "1 dx)ds
a t

b b
<(1—gp)" f FOF &= ay( f (x=a) PP dx)ds

b
< (1-gB)™ f FOF @ =@ (b= @) = = @)

B
— /
- f FOP @~ (b~ 't - f P~ @t~ i)
— /
(l(aipq f FOF (- a)'di - f FOF (= )t = a)y""ds)
(1-gB)" o
_W(ﬁ lf O (t — a) dt),
and finally
— /
f Fopa < S f FOP - ayd)
Now for a sharper bound in above inequality, we pick 8 := - < 1 in numerator and

pq " q
B = 5 in denominator, to get

_ _ 1 _ _
(1—gB " pp) =(1 - —p) Vg = gqliq = g"rI=lP = gP,
and

(1-pp 'y =1-1a
p

This completes the proof. ]

3. Application

In this section, we apply the above Hardy inequality to derive some useful inequali-
ties associated with the Jacobi weight function w®® = (1 -x)*(1+x)’ with I := (-1, 1).
The following inequalities can be found in [5].
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Lemma 3.1. If -1 < a,B < 1, then

I fllws252 < Cllf lowrss Vf € Hy oa(D), 3)
which implies the poincaré-type inequality:
I lbwes < ellf llowrs, Y € Hy s, )

Proof. Takinga =-1,b=1and ¢ = ”di—i in (2) yields that for o < 1,

1 1
f 200 -x)*2dx<c f £ - x)%dx.
0 0

hence,

1 1
f P -1 +xf2dx < c f A - x)*2dx
0 0

IA

1
¢ f F2(x0)(1 — x)%dx
0

IA

1
c f £ = 0% + x)Pdx.
0

Similarly, for 8 < 1, we use (2) to derive

0 0
f -0 +xPf2dx < ¢ f £ = %1 + xPdx.
-1 -1

A combination of the above two inequalities leads to (3).
In view of w*?(x) < w**~2(x), (4) follows from (3). ]
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