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Abstract
The metallic foams have found wide applications in
industry due to their useful properties such as low
density, high hardness, thermal and acoustic insulation
and high permeability to gas. These materials are used
for the production of light weight structures because
of the low density. Due to their high energy absorption
properties of porous materials in compression stress,
metalic foams can be substitute with previous
structure have been used before. The major
applications of porous materials are in aerospace and
automotive industries. Foams are widely used in
industry so prediction of their behaviour is very
important. In recent years, extensive researches have
been done on the behaviour of these materials and so
far several constitutive equations are presented for
foams. There are two types of work hardening:
isotropic hardening and kinematic hardening. A new
constitutive equation for isotropic hardening foam is
provided in this study which includes 3 parameters.
These equations are integrated using return mapping
algorithm and developed in MATLAB. Then
coefficients of this equation are optimized using
genetic algorithm and the experimental and numerical
results have been compared. Four types of aluminum
foams have been studied in this investigation
including Alporas, Foaminal, Alulight and Cymat that
are commercially available. Comparison between
numerical results and experimental data shows that
this new equation is able to predict the behaviour of
foams with acceptable accuracy and there is good
agreement between numerical and experimental
curves.
Keywords: Aluminum foam-Isotropic hardening-
Return mapping algorithm-Genetic algorithm.

Introduction
Porous material including metal foams have desirable
mechanical properties such as low weight that leads
to significant weight reduction compared to other
options.

Due to foam applications in various industries,
it's important to predict their behaviour to avoid
failure. The first efforts to offer constitutive equations
were performed in 1989 by Gibson et al [1]. This
equation obtained from analysis of foam cells
structure. This equation recognized as GAZT yield
surface. In 1994 Schreyer et al [2] offer an anisotropic
model with kinematics hardening. This model have

kinematic hardening parameter in yield surface
equation and defined an spherical yield surface in
principal stress space. In 2000, Miller [3] presented
constitutive equation that in specific amount of
parameter, turne to GAZT yeild surface. This equation
was inspiration from Von Mises yield surface which is
the simplest and most commnly offered yield surface
for metals. Deshpande and Fleck [4] in 2000,
proposed an isotropic yield surface for metal foams.
This yield surface was a self similar model.

Aluminium foams are studied in this investigation
which include Alporas, Foaminal, Alulight and Cymat
foams. A micrograph cell structure of Alporas foam is
shown in Figure1.

Fig.1:Cell structure of Alporas foam[5]

Theory
The most common equation for foams, is constitutive
equation presented by Deshpande and Fleck. There are
two types of work hardening and the work hardening
used in this investigation, is isotropic hardening. In
isotropic hardening, yiled surface will be expanded
simillar to the original shape. Isotropic hardening is
shown in figure 2.

Fig. 2: Foam yield surface in isotropic hardening [6]

Equation of yield surface is according to equation
1.
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In equation 1, equivalent stress is defined
according to equation 2.

(2)
 222

2
2

3
1

1ˆ me 


 













In equation 2, Von Mises and hydrostatic stress
are according to equation 3 and 4.
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To illustrate the effect of work hardening in
finite element software, usually a table of stress versus
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plastic strain is used. In this research, tried to introduce a
function to apply work hardening instead of this table.

Figure 3 shows a Von Mises yield surface in
plane stress state. For facilitate in displaying, plane
stress state has been chosen. A step forward in time
takes the updated stresses outside of the yield surface.
A trial stress increment is chosen which again takes
the updated stresses tr

tt σ outside of the yield
surface. The stress is then updated with a plastic
correction bring it back on to the yield surface at time

tt  .
This method is called return mapping algorithm.

In this method, all values must be specified at the end
of the step tt  [7].

Fig.3:Integration by return mapping algorithm [7]

In return mapping algorithm, difference between trial
stress and stress on the yield surface in each step is small.
For this reason, the following equations must be satisfied
simultaneously. These equations are known as the residual
equations.

(5)1 nσσrσ

(6)1 npprp

(7) pr FF ,σ

In these equations, ‘p’ is the work hardening variable.
For solving the equations by return mapping algorithm,
Newton-Raphson method is used. By putting unknown
parameters in the vector v , and also putting residual
functions in vector function )(vm , equations 8 and 9 are
obtained. So, final state of stress and work hardening is
the root of the vector function ‘m’, according to equation
10.
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Jacobian matrix
v
m

 is achieved by partial

derivative of residual functions in the form of equation
11.
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In Newton-Raphson method, iteration continues until
the set of residual equations become less than a
predetermined amount.

A typical stress–strain curve for metal foams shows
three distinct regions, illustrated in Figure 4. There is (1) an
initial linear elastic region. The region of (2) is known as
the plateau region, in which the stress is almost constant
for a large range of strain. Compression of the collapsed
cell walls occurs in the densification region (3) [8].

Fig.4: Typical stress strain curve of a metal foam[8]

To insert the effect of work hardening, various
functions can be used. The parameters of these functions
are determined depending on the shape of the stress-strain
curve. With considering work hardening function, yield
function is according to equation 12.

(12)hpF y  0ˆ 

‘h’ which determining the function of work
hardening, must be specified in such a way that the points
obtained by equations solving of return mapping
algorithm, placed on the stress–strain experimental
diagram with a good agreement. Here, by assuming an
uniaxial compression load and also work hardening
function as an exponential function, the relevant
parameters are determined. In the equation 13 the
proposed function for work hardening has been
shown.

(13)  .. 2
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Adaptation of experimental and numerical stress-
strain curves, indicates that offered function can
predict foam behaviour as well. Genetic algorithm is
one of the efficient methods for extracting the
coefficients. In this algorithm, coefficients of
equation are determined in such way that difference
between stress in experimental and numerical state,
be least amount. In this issue, the proposed objective
function is the sum of the least square. In other words,
squared differences between experimental diagram
points and Points obtained from genetic algorithm,
should be minimal.

(14) 
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To do this ,an uniaxial compression test specimen
is considered that its experimental stress-strain curve
is available. Since this test is uniaxial, all values are
along axis 1.

In uniaxial loading, equivalent stress, Von Mises
stress and hydrostatic stress are simplified according
to equation 15-17.
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According to mentioned equation, residual

equation of return mapping algorithm, are expressed
according to equation 18-20.
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Solving equations 18-20, and obtaining the
coefficient of work hardening function in one
dimension, can predict the behaviour of various
metallic foams in uniaxial compression and other
loading conditions. Properties of some metallic
foams, are listed in table 1.

Table 1: Foams properties

Foam  MPaE  MPay0

Foaminal 206.4 5.1219

Alulight 235.61 13.43

Alporas 48.87 2.59

Cymat 74.33 4.46

Modulus of elasticity for foam obtained from the
slope of elastic part of stress-strain curve as follow.
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Results and Discussion
After solving of genetic algorithm, the optimized
values for parameters are listed in table 2. The curve
of stress-strain in experimental and numerical state,
are compared in figures 5-8.

Table 2: Optimized values of foam hardening
coefficients

Foam S 1 2 0h

Foaminal 0.04 0.228 3.662 1863.8

Alulight 0.0033 0.250 4.053 7668.3

Alporas 0.15 0.002 8.497 5185.5

Cymat 0.07 0.111 2.956 5883.2

Fig.5: Comparison of experimental and numerical
stress-strain curve for Cymat foam [9]

Fig.6: Comparison of experimental and numerical
stress-strain curve for Foaminal foam [10]

Fig.7: Comparison of experimental and numerical
stress-strain curve for Alulight foam [11]

Fig.8: Comparison of experimental and numerical
stress-strain curve for Alporas foam [12]

Conclusions
Region 1, is linear elastic region, and stress is in a
linear relation with strain.

Comparison of stress-strain curves show that the
exponential function can properly predict work
hardening behavior of foam. Results show that work
hardening function follows the region 2 of the stress-
strain curve and there is good agreement between
experimental and numerical results. It was also
observed that this function predict the stress raise in
region 3 of diagram. Check the value of error
determined that difference between numerical and
experimental diagram is negligible and these two
diagram are well coincide. Another point is the
dependence of the work hardening to stress.This show
that after arrival to plastic phase, work hardening is
function of both plastic and elastic parts of strain.

Nomenclatures
E Modulus of elasticity
F Yield function

)(vm Vector function
p Hardening variable

r Stress residual

pr Hardening variable residual

Fr Yield function residual

S Objective function
v Unknown vector variable

Greek symbols
 Shape of the yield surface
 Shape of the potential surface

 Strain

e Von Mises stress

m Hydrostatic stress

exp Experimental stress

num
Numerical stress

devσ Deviatoric stress

0y Yield stress

̂ Equivalent stress
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tr Trial stress

d Plastic multiplier

Figures:

Figure1.Cell structure of Alporasfoam[5]

Fig. 2: Foam yield surface in isotropic hardening [6]

Fig.3:Integration by return mapping algorithm [7]

Fig.4: Typical stress strain curve of a metal foam[8]

Fig.5: Comparison of experimental and numerical
stress-strain curve for Cymat foam [9]

Fig.6: Comparison of experimental and numerical stress-
strain curve for Foaminal foam [10]

Fig.7: Comparison of experimental and numerical
stress-strain curve for Alulight foam [11]
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Fig.8: Comparison of experimental and numerical
stress-strain curve for Alporas foam [12]
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