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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢ö� ý�ûÂµõ�¤�� üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ¢¤ø�Â� ø �ó�� ñ�õÂ÷ âþ¥��üõ�Âú� ÀÞ½õö�úÔ¬� ù�ÚÈ÷�¢ ,¤�õ� ùøÂðüÖ�Ö� ¢�Àä� Âþ¢�Öõ �ä�Þ¹õ ý�¤�¢ ý¤�õ� �ãõ�� ×þ ¤¢ ¢���õ ý�ú���¬�Ê¡ ¥� ý¤��Æ�­Â�ê ñ��õÂ�÷ �¤ ��ú�µ���¬��Ê�¡ ß�þ� ù¥�À�÷� ��� ¯���Â�õ â�þ¥��� ö�¢¤��õ� ×�þ ���Þ�ã�õ ø À���ª��� ü�õÂÑ÷ ¤¢ �¤ ­Âê ßþ� �È�Þû ö���üõ f�ãì�ø �þ� ´¨� ßþ� ¢�ª üõ �ÂÎõ �î üó��b¨ �õ� .À�îüõ�þ ´¨�¤ �� üÚó�� ý�¤�¢ ´�¬�Ê¡ ×þ ù¥�À÷� �� ¯��Âõ ý�û ù¢�¢ �Ø��¤�¬ ¤¢ ?´êÂð¢¤�õ ´�¬�Ê¡ Âþ¢�Öõ �ä�Þ¹õ �î ý¢¤��õ ¤¢ �µ±ó� ?´¨� ¤�ÂìÂ� ­Âê ßþ� ¥��û Àª�� ²�â�¥�� ¥� ö��� üõ À�ª�� ´¨�¤ �� üÚó�� ý�¤�¢ ø ù¢�� ´±·õ üÖ�Ö� ¢�Àä� �ä�Þ¹õ ü¨¤Â�ý�Ú¿¨�� �úãþ¥�� ßþ� üÜî ´ó�� ¤¢ �õ� ¢Âî ù¢�Ôµ¨� ñ�±þ�ø ø ø¢� ü¡ ,�õ�ð À�÷�õ üþ�ûüãþ¥�� ø ù¢�¢ Ý�Þã� �¤ ñ�õÂ÷ âþ¥�� �� À÷Àª ö�Â� ö�÷�¢¤�õ� ø¤ ßþ� ¥� .¢�� Àû��¿÷ �õ ¥��÷À�ª��� ü�õ ��ó��� ñ��õÂ�÷ â�þ¥��� â�ì�ø ¤¢ â�þ¥��� ß�þ� .¢¥��̈ â�Ô��Â�õ �¤ ¥����÷ ß�þ� ��î À�����î ü�êÂ�ã�õ �¤ý¢�Âê� ��÷ �ûÀã� �µ±ó� .Àþ¢Âð üêÂãõ (1985)ü��ó�¥� ��÷ �� üÊ¿ª Í¨�� ¤�� ß�óø� �î�¤ ü���Öõ �ó�� ñ�õÂ÷ âþ¥�� �� �Î��¤ ¤¢ ��÷ (2001)��ó ø üû ,ö�µ�� ø (1986)��û À�÷�õÝÞ�Æî�õ ý�û¢¤ø�Â� Å³¨ ø ÓþÂã� �¤ �ó�� ñ�õÂ÷ âþ¥�� �Àµ�� �ó�Öõ ßþ� ¤¢ .À÷¢�Þ÷ ���¤�.Ýþ¤ø�üõ ´¨¢ �� EM�Ýµþ¤�Úó� Í¨�� �¤ ö� ¤¢ ¢���õ ý�ûÂµõ�¤�� üþ�Þ�µ¨¤¢âþ¥�� ,üþ�Þ�µ¨¤¢ â��� ,üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ¢¤ø�Â� ,EM�Ýµþ¤�Úó� :ýÀ�Üî ý�ûù��ø.1�ó�� ñ�õÂ÷�õÀÖõ 1üõ ¤�Ê� �¤ üÜØª üÚ÷¥ ö¤�Öµõ ü�½�õ âì�ø ¤¢ Ý��î üõ ´±½¬ ñ�õÂ÷ âþ¥�� ¥� �î üõ�Ú�û�¤ üãþ¥�� .Àª�� üõ ö¤�Ö� ý�¤�¢ ¢�ª üõ �µÔð âþ¥�� ß�Ú÷��õ ö� �� �î ý¢Àä ñ�� �î Ý��î�À�� üÚó�� �î Àª�� üõ üó�õÂ÷ âþ¥�� ö�Þû âì�ø ¤¢ ,¢Âî Ý�û��¡ ¶½� ö� ¢¤�õ ¤¢ ö��î� �î�ó�� ö¤�Öµõ âþ¥�� �î ¢¤�¢ ü�ãõ �þ� �î ¢�ª �ÂÎõ ñ��b¨ ßþ� ´¨� ßØÞõ �µ±ó� .´¨� ù¢Âî
1Skew Normal Distribution 90
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢�¤øÂ® ,Àþ¢Âð ù¤�ª� ö� �� �ó�Öõ ßþ� ùÀ�Ø� ¤¢ �î �÷�Ú÷�Þû ø ´¨� ´±·õ ¾¨�� ?Àª��.Àª�� üõ üÖ�Ö� ¢�Àä� Âþ¢�Öõ �ä�Þ¹õ �� üþ�û ù¢�¢ ö¤�Ö� �Àä üãþ¥�� ß��� ÓþÂã�
�ó�� ñ�õÂ÷ âþ¥�� 2Â���ç�µ�õ ß�þ� ü�ó��Ú�� â����� Â�ð� .À�ª��� R Â�þ¢��Ö�õ ��ä��Þ�¹�õ ��� ü�ê¢��Ê�� Â���ç�µ�õ ×�þ X À�����î ­Â�ê:�¤�¬ �� üê¢�Ê�

f(x|µ, σ2, α) = 2
σ
φ

(
x− µ

σ

)
Φ

(
α
x − µ

σ

) (1)ø ù¢�� α, σ2, µ ý�ûÂµõ�¤�� �� �ó�� ñ�õÂ÷ âþ¥�� ý�¤�¢ X Ý�þ�ð üõ �¤�¬ ßþ� ¤¢ ,Àª��üó�Ú� â��� °��Â� �� Φ ø φ ,(1) ¤¢ .Ý�û¢ üõ ö�È÷ X ∼ SN
(
µ, σ2, α) :¢�Þ÷ �� �¤ ö���� .Ý���õ��÷ ü�õ (Shape Parameter) Û�Ø�ª Â�µ�õ�¤��� �¤ α .À���ª��� ü�õ ¢¤�À�÷��µ�̈ � ñ��õÂ�÷ â�þ¥��� ø.¢�¢ ö�È÷ Âþ¥ �¤�¬ �� ö��� üõ �¤ �ó�� ñ�õÂ÷ üó�Ú� â��� ÂÚþ¢ �¤�±ä

f(x|µ, σ2, α) = 2
σ

1√2πσ2 exp{− 12σ2 (x− µ)
2} ∫ α( x−µ

σ )

−∞

1√2π e− 12 z2dz
f(x|µ, σ2, α = 0) = φ

(
x−µ
σ

):�¤�Ê�þ� ¤¢ Àª�� α = 0 :ù�ðÂû Ý�ª�� �µª�¢ ´ì¢ Àþ���� üÚó�� Àª�� ´±·õ α Âð� ß��»Þû .´¨� σ2, µ ý�ûÂµõ�¤�� �� ñ�õÂ÷ âþ¥�� ùÀ�û¢ ö�È÷ �î.¢�� Àû��¡ ²� ´Þ¨ �� üó�Ú� â��� ¤�¢�Þ÷ üÚó�� Àª�� üÔ�õ α �Ø��¤�¬¤¢ ø ´¨�¤ ´Þ¨
(Half −Normal)ñ�õÂ÷�Ý�÷ üó�Ú� â��� ´Þ¨ �� f üó�Ú� â��� ù�Ú÷� α −→ ∞ �»÷���Âþ¢�Öõ ý�¥� �� �¤ �ó�� ñ�õÂ÷ üó�Ú� â��� üÚó�� ´�ã®ø Âþ¥ ý�û¤�¢�Þ÷ .¢Âî Àû��¡ Û�õ.Àû¢ üõ ö�È÷ α ÓÜµ¿õ
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢

(µ = 10, σ = 10)α ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� �ó�� ñ�õÂ÷ üó�Ú� â��� ¤�¢�Þ÷ :1 ÛØª�¤ ¢¤�À÷��¨� �ó�� ñ�õÂ÷ üó�Ú� â��� �¤�Ê�þ� ¤¢ ,Àª�� σ2 = 1, µ = 0 (1) ¤¢ �»÷���ö� ü�ó��Ú�� â����� ø ù¢��� ü�Ú�ó��� Â�µ�õ�¤��� ,¢�����õ Â�µ�õ�¤��� ��ú���� �́ó��� ß�þ� ¤¢ ø . �́ª�¢ Ý���û���¡ñ�õÂ÷ âþ¥�� ¢¤�õ ¤¢ (2001)üÆ�� .Ý�û¢ üõ ö�È÷ f(z|α) = 2φ(z)Φ(αz) :�¤�¬ �� �¤âþ¥�� ¥� Âµ�Üî ´ó�� ×þ ��÷ (2003)øÀó��þ¤ .¢�Þ÷ Û� �¤ üÜ��Æõ ü��ó�¥� Í¨�� ùÀª üêÂãõö� üó�Ú� â��� �î ¢Âî üêÂãõ ¢�ª üõ �µÔð 2�µê�þ Ý�Þã� �ó�� ñ�õÂ÷ ö� �� �î �¤ �ó�� ñ�õÂ÷.¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ ��
f(x|α1, α2) = 2φ(x)Φ( α1x√1+ α2x2) ;x ∈ R,α1 ∈ R,α2 ≥ 0�� �µê�þ Ý�Þã� �ó�� ¢¤�À÷�µ¨� ñ�õÂ÷ âþ¥�� �� ¯��Âõ ë�ê üó�Ú� â��� �î ´¨� Âî£ �� �¥�.Ý�û¢ üõ ö�È÷ X ∼ SGN(0,1, α1, α2) ¢�Þ÷ �� �¤ ö�ø ù¢�� α1, α2 ý�ûÂµõ�¤����� Â�þ¥ �¤��¬ ��� ��µ�ê��þ Ý���Þ�ã�� ��ó��� ñ��õÂ�÷ ü�ó��Ú�� â����� ü�Ü�î Û�Ø�ª Y = µ + σX:Û�þÀ�±�� ���.Àþ� üõ ´¨¢

f(y|µ, σ, α1, α2) = 2
σ
φ

(
y − µ

σ

)
Φ{ α1(y − µ)√

σ2 + α2(y − µ)2 }�Àµ�� �õ� .Ý��î ù¢�Ôµ¨� (1) ��Ìì ¥� Ý�÷��� üõ �ó�� ñ�õÂ÷ üó�Ú� â��� ö¢¤ø� ´¨¢ �� ý�Â�
2Skew-Generalized Normal Distribution 92
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢.´ª�¢ Ý�û��¡ �¤ Âþ¥ ÓþÂã�ü��ê¢���Ê��� Â�����ç��µ��õ ß��þ� Ý�����þ���ð ü��õ .À��ª���� ü��ê¢���Ê��� Â�����ç��µ��õ ×��þ Y À��������î ­Â��ê 1 ÓþÂã�¢���Þ��÷ ���� �¤ ö� ø À��ª���� ü��õ (α1, α2) ���Ü��¬���ê ¤¢ 3 ùÀ��ª ùÀ��þÂ��� ñ���õÂ��÷ â��þ¥���� ý�¤�¢Â�þ¥ �¤��¬ ��� ö� ü�ó��Ú�� â����� ù��ðÂ�û ,Ý���û¢ ü�õ ö��È�÷ Y ∼ TN(µ, σ2)I{α1 < y < α2}Àª��
f(y|µ, σ2) = {Φ(α2 − µ

σ
)− Φ(

α1 − µ

σ
)

}−1 1√2πσ2 exp{− 12σ2 (x− µ)2} ;

α1 < y < α2ø σ2 Å÷�þ¤�ø ø ÂÔ¬ ß�Ú÷��õ �� ñ�õÂ÷ âþ¥�� ý�¤�¢ U üê¢�Ê� Â�çµõ À��î ­Âê 1 ��Ìì.Àª�� T ∼ TN(0, σ2)I{t > o} :�¤�¬ �� ùÀª ùÀþÂ� ñ�õÂ÷ âþ¥�� ý�¤�¢ T üê¢�Ê� Â�çµõâþ¥�� ý�¤�¢ X = µ+ α√1+α2 T + 1√1+α2U :üê¢�Ê� Â�çµõ ù�Ú÷� ,À�ª�� ÛÖµÆõ T ø U Âð�.¢�� Àû��¡ α, σ2, µ ý�ûÂµõ�¤�� �� �ó�� ñ�õÂ÷:ÝþÂ�ð üõ ÂÑ÷ ¤¢ �¤ Âþ¥ ÛþÀ±� :��±��




X = µ+ α√1+α2T + 1√1+α2U
W = T:´ª�÷ ö��� üõ δ(α) = α√1+α2 ßµêÂð ÂÑ÷ ¤¢ ø ë�ê ÛþÀ±� ¥� ù¢�Ôµ¨� ��





U = 1√1−δ(α) (X − µ− δ(α)W )

T =W :¥� ´¨� �¤�±ä ÛþÀ±� ßþ� ÛþÀ±� ß���î�� ßþ�Â����
J =

∣∣∣∣∣∣

1√
1−δ2(α)

δ(α)√
1−δ2(α

0 1

∣∣∣∣∣∣

3Truncated Normal Distribution 93
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢.|J | = 1√1−δ2(α) �þ:´ª�÷ ö��� üõ �¤�¬ ßþ� ¤¢
f(X,W )(x,w) = |J |f(U,T )(

1√1− δ2(α) (x− µ− δ(α))w,w)

f(X,W )(x,w) =
1√1− δ2(α)fU x− µ− δ(α)√

δ2(α) 
 fT (w)

f(X,W )(x,w) =1√1− δ2(α) 1√2πσ2 exp{− 12σ2(1− δ2(α)) (x− µ− δ(α))2} 2√2πσ2 exp{− 12σ2w2}:´ª�÷ ö��� üõ ,À�µÆû ýø�Æõ W ø T Â�çµõ �î �¹÷� ¥�
f(X,T )(x, t) =1√1− δ2(α) 1

πσ2 exp{− 12σ2 [(x− µ)2 + t2 − 2δ(α)t(x − µ)1− δ2(α) ]}

f(X,T )(x, t) =1
πσ2√1− δ2(α)exp{− 12σ2}(x− µ)2 .exp{− 12σ2(1− δ2(α)) [t− δ(α)(x − µ)]2}1√

σ2(1−δ2(α)) [t − :Û�þÀ�±�� ¥� ù¢��Ô�µ�̈ � ��� T Â���ç�µ�õ ýø¤ ýÂ���ð ñ�Â�Ú�µ�÷� ø ö¢Â�î ù¢��̈ ¥� Å��:Ýþ¤�¢ δ(α)(x − µ)] = Z

fX(x) =

√2πσ2(1− δ2(α))
πσ2√1− δ2(α) exp

{
− 12σ2 (x − µ)2}∫ +∞

− δ(α)(x−µ)

σ

√1−δ2(α)

12πexp(−12z2)dz�¹�µ÷ �î Àþ� üõ ´¨¢ �� Âþ¥ �¤�¬ �� �¹�µ÷ δ(α) ý¤�ÁÚþ�� ø ö¢Âî ù¢�¨ ¥� Å�.´¨� ÂÑ÷ ¢¤�õ
fX(x) =

2
σ
φ

(
x− µ

σ

)
Φ

(
α
x− µ

σ

)94

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢:¢�¢ ö�È÷ ö��� üõ ñ�õÂ÷ ùÀª ùÀþÂ� âþ¥�� ÓþÂã� ýÂ�ð¤�Ø� ��
T |X = x ∼ TN

(
δ(α)(x − µ), σ2(1− σ2(α))) I{t > 0} (2):Ýþ¤�¢ �Âþ¥

f(t|x) = f(x, t)

f(x)
=
exp

{
− 12σ2(1−δ2(α)) [(x − µ)2 − 2δ(α)(x − µ)t+ t2]}
πσ2√1− δ2(α)2φ (x−µσ )

Φ
(
αx−µσ

)

f(t|x) =

{
Φ

(
α
x− µ

σ

)}−11√2πσ2(1− δ2(α))exp{− 12σ2(1− δ2(α)) [t2 − δ(α)(x − µ)]2}:Ýþ¤�¢ �¬�¡ ¤�Î� ø
f(t|x) =

{1− Φ

(
−αx− µ

σ

)}−11√2πσ2(1− δ2(α))exp{− 12σ2(1− δ2(α)) [t2 − δ(α)(x − µ)]2}
T |X = x ∼ TN

(
δ(α)(x − µ), σ2(1− σ2(α))) I{t > 0}:�î ´¨��ãõ ßþ� ���Ü¬�ê ¤¢ σ2, µ ý�ûÂµõ�¤�� �� ùÀª ùÀþÂ� âþ¥�� ý�¤�¢ Y üê¢�Ê� Â�çµõ À��î ­Âê 1 áÂê:¢�¢ ö�È÷ ö��� üõ �¤�Ê�þ� ¤¢ .Àª�� (α1, α2)

E(Y ) = µ− σ
φ
(α2−µ

σ

)
− φ

(α1−µ
σ

)

Φ
(α2−µ

σ

)
− Φ

(α1−µ
σ

)

E(Y 2) = µ2+σ2−σ2 (α2−µ
σ

)
φ
(α2−µ

σ

)
−
(α1−µ

σ

)
φ
(α1−µ

σ

)

Φ
(α2−µ

σ

)
− Φ

(α1−µ
σ

) −2µσ φ (α2−µ
σ

)
− φ

(α1−µ
σ

)

Φ
(α2−µ

σ

)
− Φ

(α1−µ
σ

):Ýþ¤�¢ 1áÂê ø (2) ¥� ù¢�Ôµ¨� �� ßþ�Â����
E(T |X = x) = (3)95
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢
δ(α)(x − µ) +

φ

(
δ(α)(x−µ)
σ
√1−δ2(α))

Φ

(
δ(α)(x−µ)
σ
√1−δ2(α))σ√1− δ2(α) (4)

E(T 2|X = x) =

δ2(α)(x − µ)2 + σ2(1− δ2(α)) + φ

(
δ(α)(x−µ)
σ
√1−δ2(α))

Φ

(
δ(α)(x−µ)
σ
√1−δ2(α))δ(α)(x − µ)σ2(1− δ2(α))(5)âþ¥�� ¤¢ �ûÂµõ�¤�� ý�Â� üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ¢¤ø�Â� �î Ý�ª�� �µª�¢ ´ì¢ Àþ�� ��÷ �¹�þ� ¤¢¥� üØþ .Ý��î ù¢�Ôµ¨� ý¢Àä ý�û ©ø¤ ¥� Àþ�� ø ù¢�±÷ ÂÆ�õ Õ�ì¢ �¤�¬ �� �ó�� ñ�õÂ÷ü�êÂ�ã�õ(1978)Â�µ�Æ�³�õ¢ Í�¨��� ��î À�ª��� ü�õ EM ��4Ý�µ�þ ¤��Ú�ó� ý¢À�ä ý��ú�ªø¤ ß�þÂ�µ�êø Â�ã�õ.Àþ¢Âð

�ûÂµõ�¤�� üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ¢¤ø�Â� 3ñ�õÂ÷ âþ¥�� ý�ûÂµõ�¤�� ý�Â� üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ý�û¢¤ø�Â� ö¢¤ø� ´¨¢ �� �î �¹÷� ¥�ü�Þ�÷ Â�þÁ�� ö��Ø�õ� ñ��Þ�ã�õ �¤��¬ ��� ö� ü�ó��Ú�� â����� ¤¢ ¢�����õ ñ�Â�Ú�µ�÷� ¢���ø Û���ó¢ ��� ��ó���ý��û ��÷��Þ�÷ ýÂ���ð¤��î ��� ��� .Ý�����î ü�õ ù¢��Ô�µ�̈ � T
¯
,X
¯
��b��� ü�þ��Þ���µ�̈ ¤¢ â����� ¥� ß�þ�Â������� ,À�ª���ý�ûÂµõ�¤�� ý�Â� �¤ üþ�Þ�µ¨¤¢ â��� Ý�÷��� üõ T

¯
= (T1, ..., Tn),X¯ = (X1, ..., Xn) üê¢�Ê�¤�¢Â� À�÷�õ T

¯
¤�¢Â� âì�ø ¤¢ .Ý�Æþ��� Âþ¥ �¤�¬ �� (X

¯
,T
¯
) Ûõ�î ý�û ù¢�¢ ¯Âª �� α, σ2, µ.À��î ×Þî ¤�î ��¹÷� ¤¢ �¤ �õ À�÷��� üõ ö�ú�� ý�ûÂ�çµõ

Lc(ψ|x, t) = Πnj=1 1
πσ2√1− δ2(α)exp{− 12σ2(1− δ2(α)) [tj − δ(α)(xj − µ)]2} (6)ñ��.Àª�� üõ ψ = (µ, σ2, α):�¤�¬ �� ¢���õ ý�ûÂµõ�¤�� ¤�¢Â� ψ ë�ê üþ�Þ�µ¨¤¢ â��� ¤¢üõ ,Ý�û¢ ¤�Âì ÂÔ¬ ýø�Æõ �µêÂð ÕµÈõ (5) �Î��¤ ln ¥� α, σ2 ý�ûÂµõ�¤�� �� ´±Æ÷ Âð�

4Expectation and maximization algorthm 96
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢:Å� .Ýþ¤ø� ´¨À� �¤ �ûÂµõ�¤�� ßþ� üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ý�û¢¤ø�Â� Ý�÷���
∂ℓc(ψ|x, t)

∂µ
= − 12σ2(1− σ2(α)) 2δ(α) n∑

j=1 tj − 2δ2(α) n∑

j=1(xj − µ)


 = 0:Ýþ¤�¢ µ �� ´±Æ÷ ë�ê �ó¢�ãõ Û� ø ö¢Âî ù¢�¨ ¥� Å�

µ =
1
n

n∑

j=1 xj − δ−1(α)1
n

n∑

j=1 tj (7)ø α ö¢Âî ¢¤ø�Â� ø �û tj ö¢Âî ü��� Ç�� �� µ Âµõ�¤�� üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ¢¤ø�Â� ßþ�Â����.Àþ� üõ ´¨¢ �� Âþ¥ �¤�¬ �� (6) ¤¢ �ú÷� ý¤�ÁÚþ��
µ̂ =

1
n

n∑

j=1 xj − δ−1(α̂) n∑

j=1 t̂j (8):Ýþ¤�¢ σ2 ý�Â� ���Èõ ¤�Î�
σ2 =

∑n
j=1 T 2

j − 2δ(α)∑n
j=1(xj − µ)Tj +

∑n
j=1(xj − µ)22n(1− δ2(α)) (9):´¨� Âþ¥ �¤�¬ �� σ2 ý�Â� üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ¢¤ø�Â� α, µ ¢¤ø�Â� ø T 2

j , Tj ü��� Ç�� ��
σ̂2 =

∑n
j=1 T̂ 2

j − 2δ(α̂)∑n
j=1(xj − µ̂)T̂j +

∑n
j=1(xj − µ̂)22n(1− δ2(α̂)) (10)°Æ�Â� �¤ Âþ¥ �ó¢�ãõ Àþ�� α ý�Â� üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ¢¤ø�Â� ö¢¤ø� ´¨À� ý�Â� ùÂ¡��� ø.Ý��î Û� α

nσ2δ(α)(1 − δ2(α)) + (1+ δ2(α)) n∑

j=1(yj − µ)Tj

− δ(α)

n∑

j=1 T 2
j − δ(α)

n∑

j=1(yj − µ)2 = 0 (11)ßþ� ý�Â� �¤ üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ¢¤ø�Â� α °Æ�Â� ö� Û� ø (10) ¤¢ σ̂2, µ̂ ý¤�ÁÚþ�� ��.Àû¢ üõ ´¨¢ �� Âµõ�¤��97
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nσ̂2δ(α̂)(1− δ2(α̂)) + (1+ δ2(α̂)) n∑

j=1(yj − µ̂)T̂j − δ(α̂)

n∑

j=1 T̂ 2
j

− δ(α̂)

n∑

j=1(yj − µ̂)2 = 0 (12)ø µT = δ(α)(x − µ) :Ý�����î ­Â�ê (2) ü���ã�þ X = x ¯Â�ª ��� T ü�ÏÂ�ª â�þ¥��� ¤¢ Â�ð�ø ü�ÏÂ�ª ü�®��þ¤ À���õ� ö���� ü�õ (4)ø(3) ¥� ù¢��Ô�µ�̈ � ��� �¤��Ê���þ� ¤¢ σT = σ
√1− δ2(α)Â�þ¥ �¤��¬ ��� À���ª��� ü�õ S2j ø S1j ö��Þ�û â�ì�ø ¤¢ ��î �¤ ö� ü�ÏÂ�ª ø¢ ���¤¢ ü�®��þ¤ À���õ�.´ª�÷

S1j = E(Tj|xj) = µTj +
φ
{
α(

xj−µ
σ )

}

Φ
{
α(

xj−µ
σ )

}σ (13)
S2j = E(T 2

j |xj) = µ2Tj
+ σ2T +

φ
{
α(

xj−µ
σ )

}

Φ
{
α(

xj−µ
σ )

}µTjσT (14)Â�Ñ�÷ ¢¤��õ ý��ûÂ�µ�õ�¤��� °�Æ��Â�� (11)(9)(7) ��¢��ã�õ ¢��ª ü�õ ùÀ�û��È�õ ��î ��÷��Ú�÷��Þ�ûý�Â�� .Ý�����î ù¢��Ô�µ�̈ � EM�Ý�µ�þ ¤��Ú�ó� ¥� Ý���÷���� ü�õ ß�þ�Â������� .À���ª��� ü�Þ�÷ ¼�þÂ�¬ ����� ý�¤�¢ø ��µ�êÂ�ð Â�Ñ�÷ ¤¢ ��ûÂ�µ�õ�¤��� ß�þ� ý�Â�� ����óø� Â�þ¢��Ö�õ ö�����ä ��� �¤ α(0), σ2(0), µ(0) ¤��Ñ���õ ß�þ�Â�Ñ�÷¢¤��õ Ý�µ�þ ¤��Ú�ó� ¥� E���Ü��Â�õ â�ì�ø ¤¢ ��î �¤ Ŝ(k)2j , Ŝ(k)1j Â�þ¢��Ö�õ (13)(12) Í���ø ¤ Í�̈ ���ÝÞ�Æî�õ ¢¤ø�Â� ´¨� ö¢Âî ÝÞ�Æî�õ �Ü�Âõ �î M��Ü�Âõ ¤¢ Å³¨ ø ù¢¤ø� ´¨¢ �� ´¨�ßþ�Â���� .Ýþ¤ø� üõ ´¨¢ �� (11)(9)(7) ��¢�ãõ ¤¢ �¤ α, σ2, µ ý�ûÂµõ�¤�� üþ�Þ�µ¨¤¢:´ª�÷ ö��� üõ
Ŝ
(k)1j = Eψ̂(k)(Tj |xj) = µ̂

(k)
Tj

+
φ
{
α̂(k)(

xj−µ̂(k)

σ̂(k) )
}

Φ
{
α̂(k)(

xj−µ̂(k)

σ̂(k) )
} σ̂(k)

T (15)
Ŝ
(k)2j = Eψ̂(k)(T

2
j |xj) = µ̂

(k)2
Tj

+ σ̂
(k)2
T +

φ
{
α̂(k)(

xj−µ̂(k)

σ̂(k) )
}

Φ
{
α̂(k)(

xj−µ̂(k)

σ̂(k) )
} σ̂(k)

T µ̂
(k)
Tj

(16)98
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢��� (7) ¤¢ ��î µ Â�µ�õ�¤��� ý�Â�� ü�þ��Þ���µ�¨¤¢ Ý�Þ���Æ�î��õ ¢¤ø�Â�� ß�µ�êÂ�ð Â�Ñ�÷ ¤¢ ��� ß�þ�Â�������´¨¢ �� k + 1 �Ü�Âõ ¤¢ Âþ¥ �Î��¤ ¥� �¤ Âµõ�¤�� ßþ� ¢¤ø�Â� Ý�÷��� üõ ö��î� ,Ýþ¢¤ø� ´¨¢.¢�ª üõ ��¹÷� Âþ¥ �¤�¬ �� EM�Ýµþ¤�Úó� ¥� M��Ü�Âõ âì�ø ¤¢ .(Update)Ýþ¢¤ø�
µ̂(k+1) = 1

n

n∑

j=1 xj − δ−1(α̂(k))
1
n

n∑

j=1 Ŝ(k)1j (17)ýÂ�ð¤�î �� ø σ2 �� ´±Æ÷ üÏÂª üþ�Þ�µ¨¤¢ â��� Ýµþ¤�Úó ¥� ýÂ�ð ÕµÈõ �� ���Èõ ¤�Ï ���¤�¬ �� k + 1 �Ü�Âõ ¤¢ �¤ σ2 Âµõ�¤�� ¢¤ø�Â� Ý�÷��� üõ (11)(9) Í��ø ¤ ü�ãþ E��Ü�Âõ:Ýþ¤ø� ´¨¢ �� Âþ¥
σ̂2(k+1) = ∑n

j=1 Ŝ(k)2j − 2δ(α̂(k))
∑n

j=1(xj − µ̂(k+1))Ŝ(k)1j +
∑n

j=1(xj − µ̂(k+1))22n(1− δ2(α̂(k)))
(18)Û� ¥� �¤ α̂(k+1) Ý�÷��� üõ σ2 = σ̂2(k+1) ø µ = µ̂(k+1) ßµª�¢ �Ú÷ ´��� �� ùÂ¡��� øù¢�Ôµ¨� ¢¤�õ ¤��ê� �Â÷ ¤¢ �õ�÷Â� Âþ¥ ×þ ßµª�÷ ��ÜµÆõ ¢�¡ �î Ýþ¤ø� ´¨¢ �� Âþ¥ �ó¢�ãõ.¢��

nσ̂2(k+1)δ(α)(1 − δ2(α)) + (1+ δ2(α)) n∑

j=1(yj − µ̂(k+1))Ŝ(k)1j − δ(α)

n∑

j=1 Ŝ(k)2j
− δ(α)

n∑

j=1(yj − µ̂(k+1))2 = 0ø σ2 = 64 ø µ = 100 ý��ûÂ�µ�õ�¤��� ��� ��ó��� ñ��õÂ�÷ â�þ¥��� ¥� �¤ ¢À�ä 200 ¢�À�ã�� 1 ñ�·õ¼�®�� ��� ¤¢ �î �»÷� ø EM Ýµþ¤�Úó� ¥� ù¢�Ôµ¨� �� .Ýþ�ù¢Âî À�ó�� α = −4 ÛØª Âµõ�¤���¤ �ûù¢�¢ ��Âð�µÆ�û �Àµ�� ¤�Ñ�õ ßþ� ý�Â� .Ýþ¤ø�üõ ´¨¢ �� �¤ �ûÂµõ�¤�� ¢¤ø�Â� ,Àª ù¢�¢.Àû¢üõ ö�È÷ �¤ �ûù¢�¢ üÚó�� f�õ�î 3 ÛØª ¤¢ ùÀª Ý¨¤ ��Âð�µ�Æû .Ý��îüõ Ý¨¤
99
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�ó�� ñ�õÂ÷ âþ¥�� ý�ûù¢�¢ ��Âð�µÆ�û :3 ÛØª1 ñøÀ�� ¤¢ ��ûÂ�µ�õ�¤��� ¢¤ø�Â�� ö� ý�Â��� ø MATLAB ¤���ê� �Â�÷ ¤¢ ý���õ��÷Â�� ß�µ�ª��÷ ���.´¨� ùÀª �µª�÷¢¤�À÷�µ¨� é�Â½÷� ¢¤ø�Â� üãì�ø ¤�ÀÖõ Âµõ�¤��0.4459 10.2783 10 µ0.3268 8,5877 8 σ0.06721 −3.8875 −4 α. �ó�� ñ�õÂ÷ üó�Ú� ý�Â� �ûÂµõ�¤�� ¢¤ø�Â� ùÀõ� ´¨¢ �� Âþ¢�Öõ .1 ñøÀ�üþ�ÂÚÞû ý�û¤�¢�Þ÷ ,¢���õ ý�ûÂµõ�¤�� ý�Â� ùÀõ� ´¨À� ý�û¢¤ø�Â� üµ¨¤¢ ü¨¤Â� ý�Â�.Ý��îüõ Ý¨¤ �¤ �ûÂµõ�¤�� ßþ� ¢¤ø�Â�
100
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σ Âµõ�¤�� ¢¤ø�Â� üþ�ÂÚÞû ¤�¢�Þ÷ :5 ÛØª µ Âµõ�¤�� ¢¤ø�Â� üþ�ÂÚÞû ¤�¢�Þ÷ :4 ÛØª

α Âµõ�¤�� ¢¤ø�Â� üþ�ÂÚÞû ¤�¢�Þ÷ :6 ÛØª
â��Âõ

[1] Azzalini, A. (1985). Further result on a class of distribution which

includes the normal ones, Statistica, 46, 199-208.101

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢
[2] Dempster A.P, Laird N.M ,Rubin D. Maximum Likelihood from

incomplete Data Via the EM algorithm. J.Roy,Statist.Soc.Ser.B, 1977,

39:1-38.

[3] Genton, M.G;He, L. and Liu, X.(2001). Moments of Skew-Normal

random vector and their Quadratic Forms, Statistics and probability

letters, 51, 319-325.

[4] Henz, N. (1986). A probabilistic Representation of Skew-Normal

distribution, Scandinavian.J.Statistics, 13, 271-275.

[5] Reinaldo, B. (2003). A new class of Skew-Normal distribution,

Technical Report,North Carolina State University, Institue of

Statistics, 1-15.

[6] Pewsey, A. (2001). Problems of inference for Azzalini skew-normal

distribution, Journal of Applied Statistics, 27, 859-870.

102

www.SID.ir

