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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢ö� «��¡ ø âþ¥�� ü¨¤Â� ,ý¥�¨ ñ�õÂ÷ ÛþÀ±�ýÂÞî ø��÷�î ,ü÷�¤��� ß�Æ��þÂ±� ù�ÚÈ÷�¢ ,¤�õ� ùøÂðüþ�±Ï�±Ï �õ�ä ù�ÚÈ÷�¢ ,¤�õ� ùøÂðý��û¢Â��¤��î ��î ´�¨� ý¥��¨ ñ��õÂ�÷ ,ü�ê¢��Ê�� ý��ûÂ���ç�µ�õ ý¥��¨§����Ö�õ ü�� ý��ú�ªø¤ ¥� ü�Ø�þý�ûüðÄþø ö��� ø ý¥�¨ñ�õÂ÷ ÛþÀ±� üêÂãõ ßÞ® �ó�Öõ ßþ� ¤¢ .¢¤�¢ ÓÜµ¿õ ��Üä ¤¢ ü÷�ø�Âê�� ¸þ�µ÷ ø Ýþ¤�¢ ö� ¤ø�µÈð Àó�õ â��� ø Å÷�þ¤�ø ,ü®�þ¤ À�õ� ,âþ¥�� â��� ßµê�þ ¤¢ üã¨ ,ö�.¢�Þ÷ Ý�û��¡ ü¨¤Â� f�¢À¹õ ¢¤�À÷�µ¨� ´¡���Øþ â��� ¥� ù¢�Ôµ¨� �� �¤ ùÀõ� ´¨¢.ß�ãõ ù¤�õ� ,ü±Êä �Ø±ª ,¤�Ü�� ýÂ¨ ÍÆ� ,ü±��Â� ù¤�õ� ,ý¥�¨ñ�õÂ÷ :ýÀ�Üî ý�ûù��ø�õÀÖõ 1ýÂ�ð ù¥�À÷� À��ø ¥� ÛÖµÆõ �û ù¢�¢ �� Ý�µÆû üþ�û ÛþÀ±� ñ�±÷¢ �� °Üè� ý¢Â�¤�î ¤�õ� ¤¢ßþ� ¥� üØþ .¢¤�¢ ¢��ø üÔÜµ¿õ ý�úªø¤ ¤�Ñ�õ ßþÀ� .¢Âî �Æþ�Öõ �¤ �ú÷� ö��µ� �î À÷�ª×þ X À��î ­Âê :¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� �î ´¨� 1ý¥�¨ ñ�õÂ÷ ÛþÀ±� ,�û ©ø¤×þ X1, ..., Xn ø Àª�� fX(x) üó�Ú� â��� ø FX(x) âþ¥�� â��� �� �µ¨��� üê¢�Ê� Â�çµõø ù¢�¢ ö�È÷ Yi �� �¤ Xi üê¢�Ê� Â�çµõ ý¥�¨ ñ�õÂ÷ ÛþÀ±� .Àª�� ö� ¥� üþ�� n üê¢�Ê� �÷�Þ÷:¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ ��
Yi =

Xi −X(1)
X(n) −X(1)ý��ûÂ���ç�µ�õ ü�±����Â�� ý��û ù¤��õ� X(1) < X(2) < ... < X(i) < ... < X(n) Û�þÀ�±�� ß�þ� ¤¢.Àª�� üõ X1, ..., Xn üê¢�Ê�üõ ý¤�¢¢�¡ �ú÷� ��±�� ¥� üð¢�¨ Û�ó¢ �� �î ¢¤�¢ ¢��ø Âþ¥ ý�ûüðÄþø ÛþÀ±� ßþ� ý�Â�:¢�ª

1Normalization 103
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢.´¨� [0,1]�µÆ� ù¥�� �� ÕÜãµõ ø ù¢�� 2¤�À÷�Âî Yi üê¢�Ê� Â�çµõ •×þ Yi Àª�� ü¨��Öõ ü÷�Øõ �þ 4ü¨��Öõ ,3ü÷�Øõ �ûXi üó�Ú� â��� �î ü�¤�¬ ¤¢ •. ´¨� 5ß�ãõ ù¤�õ�.´¨� �û Xi ¥� üÎ¡ â��� ×þ X(1), X(n) ö¢�� ´��� ¯Âª �� Yi •ü¨��Öõ �� üðÄþø ×þ üÜ¬� Â¬��ä �î �Â� ,´¨� ý¥�¨ ñ�õÂ÷ ��ì �bÎÖ÷ §��Öõ Â��ç�¥� ù¢�Ôµ¨� ý¥�¨ ñ�õÂ÷ ý�û¢Â�¤�î ßþÂµÞúõ ¥� .¢¤�¢ üÚµÆ� ´¨� ùÀª ýÂ�ð ù¥�À÷� ö� �� �î.[4]´¨� ý¥�ê ü±Êä ý�û�Ø±ª ø 6ü±Êä ý�û�Ø±ª ¤¢ ö�Ç�� ö��� ¤�î ßþ� .¢�Þ÷ ý¥�¨ ñ�õÂ÷ �¤ �ú÷� Àþ�� �û�Ø±ª ßþ� �Ü�¨�� �û ù¢�¢ ©¥�¢Â� ¥� Û±ìýÀ�� �±�¤ ´ú� ´þÂþÀõ ¤¢ ��Þ® .ÀÈ¿� üõ ¢�±ú� �¤ �Ø±ª ¢ÂØÜÞä ø ù¢Â� ��� �¤ ü���§��Öõ ü� ´ú� ù¤��ãõÀ�� ýÂ�ð Ý�ÞÊ� ý�û©ø¤ ¤¢ ß��»Þû ùÂ�è ø �û ×÷�� ,�û´îÂª.¢�ªüõ ù¢�Ôµ¨� ö� ¥� �ûÂ�çµõ ý¥�¨ßþ� ß�Ôó�õ �î ´¨� ö� âþ¥�� ßµê�þ ¢¤�õ ßþÂµÞúõ ý¥�¨ ñ�õÂ÷ ÛþÀ±� ¤�µ¡�¨ �� ���� ��
Yi âþ¥�� â��� �Àµ�� �Áó .´¨� ùÀÈ÷ ´ê�þ üã±�õ �þ �ó�Öõ º�û ,À÷�ù¢Âî ü¨¤Â� �î üþ�� �� �ó�Öõ�µ¡�¢Â� ö� ¤ø�µÈð Àó�õ â��� ø Å÷�þ¤�ø ,ü®�þ¤À�õ� �±¨�½õ �� �õ�¢� ¤¢ ø ù¢�Þ÷ �±¨�½õ �¤.¢�¢ Ý�û��¡ ¤øÂõ �¤ ¤�îÁõ Û��Âõ ×þ ø ÂÔ¬ ß�� ´¡���Øþ âþ¥�� ¥� ù¢�Ôµ¨� �� ö�þ�� ¤¢ øý¥�¨ ñ�õÂ÷ ÛþÀ±� âþ¥�� â��� ßµê�þ 2
F (xi) â�þ¥��� â����� ø f(xi) ü�ó��Ú�� â����� ý�¤�¢ Xi ü�ê¢��Ê�� Â���ç�µ�õ Ý�����î ü�õ ­Â�ê 1 ��Ìì:´¨� Âþ¥ �¤�¬ �� Yi üê¢�Ê� Â�çµõ âþ¥�� â��� .Àª��

FYi(y) =
1+ (−1)n + n

n+ 1 −
n−2∑
i=0 ( n

i+ 1)(n− i− 1)
2bounded

3location

4scale

5ancillary

6Neural network 104
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.

∫ ∞

−∞

∫ ∞

t

f(t)F (t)n−i−2f(x)F (x + t(y − 1)
y

)i+1dxdt(−1)n−i: Ýþ¤�¢ ,¢�ª üõ ù¢�Ôµ¨� Ûî ñ�Þµ�� ��Ìì ¥� Yi âþ¥�� ßµê�þ ý�Â� : ��±��
FYi(y) = p(

Xi −X(1)
X(n)−X(1) ≤ y) = p(

Xi −X(1)
X(n)−X(1) ≤ y,X(1) ∈ R,X(n) ∈ R)

=

∫∫
p((

Xi −X(1)
X(n)−X(1) ≤ y)n(n− 1)(F (z)− F (t))n−2f(t)f(z)dzdt: �Ø�þ� ø ý� �ÜÞ� ø¢ ÍÆ� ¥� ù¢�Ôµ¨� ��

p(
Xi −X(1)
X(n)−X(1) ≤ y) = F (y(z − t) + t) =

∫ y(z−t)+t

−∞
f(x)dx: ´ª�÷ ö��� üõ

=
n−2∑
i=0 (n− 2

i

)
n(n− 1)(−1)n−i−2

.

∫ ∞

−∞

∫ ∞

t

∫ y(z−t)+t

−∞
f(x)(F (z))i(F (t))n−i−2f(t)f(z)dxdzdt�¤ ñ�Â�Ú�µ�÷� ø¢ ý��� ø ��µ�êÂ�ð �́���� �¤ ü�÷ø Â���� ñ�Â�Ú�µ�÷� ,��ûñ�Â�Ú�µ�÷� ��±�̈ ��½�õ öÀ�ª Â�µ�µ���¤ ý�Â��:À÷�ª ü¨¤Âþ Àþ�� Âþ¥ ´ó�� ø¢ ,Ý��î üõ ­�äß���� íÂ�µ�È�õ �������÷ ù��Ú�÷� t ≤ z ≤ ∞,−∞ < x ≤ y(z − t) + t ø À�ª��� t ≥ 0 Â�ð� .1.´¨� ùÀõ� 1 ÛØª ¤¢ �ú÷�ß���� íÂ�µ�È�õ �������÷ ù��Ú�÷� t ≤ z ≤ ∞,−∞ < x ≤ y(z − t) + t ø À�ª��� t < 0 Â�ð� .2.´¨� 2 ÛØª �¤�¬ �� �ú÷�: ¢�� Àû��¡ Âþ¥ �¤�¬ �� �ú÷� Ëþ�ã� ¥� Å� ñ�ÂÚµ÷� ¢øÀ� ´ó�� ø¢ Âû ý�Â�

∫ ∞

t

∫ y(z−t)+t

−∞
f(x)(F (z))i(F (t))n−i−2f(t)f(z)dxdz

=
f(t)(F (t))n−i−2

i+ 1 {1− (F (t))i+2 −
∫ ∞

t

f(x)(F (
x + t(y − 1)

y
))i+1dx}105
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t ≥ 0 ý�Â� �úó�ÂÚµ÷� ß�� ����÷ :1 Û
 Øª

t < 0 ý�Â� �úó�ÂÚµ÷� ß�� ����÷ :2 Û
 Øª106
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢: Àõ� Àû��¡ ´¨¢ �� Âþ¥ �¤�¬ �� �û Yi âþ¥�� â��� Å�
FYi(y) = n(n− 2) n−2∑

i=0 (n− 2
i

)
(−1)n−i−2 ∫ ∞

−∞

f(t)(F (t))n−i−2
i+ 1 − f(t)(F (t))n

i+ 1
−
f(t)(F (t))n−i−2 ∫∞

t
f(x)(F (x+t(y−1)

y ))i+1dx
i+ 1 dt

= n(n− 1) n−2∑
i=0 (n− 2

i

)
(−1)n−i−2{ i+ 2

(i+ 1)(n+ 1)(n − i− 1)
−
∫∞
−∞

∫∞
t f(t)(F (t))n−i−2f(x)(F (x+t(y−1)

y ))i+1dxdt
i+ 1 }:Àþ�üõ ´¨À� ∑n

i=0 (ni)(−1)n−i = (1− 1)n = 0 ý �Î��¤ ¥� ù¢�Ôµ¨� ��
FYi(y) =





0 y < 01+(−1)n+n
n+1 −∑n−2

i=0 ( n
i+1)(n− i− 1)

∫∞
−∞

∫∞
t f(t)(F (t))n−i−2f(x)(F (x+t(y−1)

y ))i+1dxdt(−1)n−i 0 ≤ y < 11 y ≥ 1�� Âþ¥ �¤�¬ �� 0 < Yi < 1 ý�Â� ö� üó�Ú� â��� , Yi âþ¥�� â��� ¥� ÕµÈõ ßµêÂð ��:Àþ� üõ ´¨¢
fYi(y) =

1
y2 n−2∑

i=0 ( n

i+ 1)(n− i− 1)(i + 1)
.

∫ ∞

−∞

∫ ∞

t

(x− t)f(t)(f(t))n−i−2f(x)(f(x + t(y − 1)
y

))idxdt(−1)n−i.À�µ�ê����� ë��Ô��� Xi = X(n) ��î ü�÷��õ¥ Yi = 1 ø Xi = X(1) ��î ü�÷��õ¥ Yi = 0 ��î ü�µ�ó���: Ýþ¤�¢ ßþ�Â����
minXj = a = Xi ø ù¢�� �� n+1 �û ù¢�¢ Ûî ¢�Àã� Û¬� ¤¢ �î ´¨� ßþ� ñ¢�ãõ Yi = 0 .1¥� üØþ ,´Æ�÷ ¥�¹õ ¤�ÂØ� ü±��Â� ý�û ù¤�õ� ý�Â� �û ù¢�¢ ö¢Âî °�Âõ ��Ú�û ö�� ø107
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢Ýû ¤��î ¤¢ ÕþÂÏ (n+ 1)! �� üª �� n+1 üÜî ´ó�� ¤¢ Å� . ´¨� ùÀª éÁ� �ú÷�:Å� .´¨� 1.n!Â��Â� ,Àª�� ñø� ö�Øõ ¤¢ üõ�i �î ü���� ¢�Àã� ø À÷Â�ð üõ ¤�Âì
p(Yi = 0) = n!

(n+ 1)! = 1
n+ 1: Ýþ¤�¢ Yi = 1 ý�Â� ���Èõ ¤�Ï �� .2

p(Yi = 1) = 1
n+ 1

Yi ¤ø�µÈð Àó�õ â��� ø Å÷�þ¤�ø ø ü®�þ¤ À�õ� �±¨�½õ 3: Ý��î üõ ö��� �¤ ©ø¤ ø¢ ü®�þ¤ À�õ� �±¨�½õ ý�Â�ßþÂµØ��î Âþ¢�Öõ ýø¤ ö¢Âî üÏÂª �� Yi üê¢�Ê� Â�çµõ ü®�þ¤ À�õ� ö¢Âî �À�� : ñø� ©ø¤
Xi ü±��Â� ý�û ù¤�õ� ßþÂµð¤�� ø:Ý��î ÓþÂã� ø Xi 6= X(1), X(n)�î Àª�� f(Xi) �¤�¬ �� Xi üó�Ú� â��� Âð� 1 ��Ìì

g(t, z) = E(Xi|X(1) = t,X(n) = z): ¢�� Àû��¡ Âþ¥ �¤�¬ �� Yi ü®�þ¤ À�õ� ù�Ú÷�
E(Yi) =

∞∑

i=0E( ti

zi+1 g(t, z))− E((
t

z
))i+1: ´ª�÷ ö��� üõ E(X) = E(E(X |Y )) ýø�Æ� ¥� ù¢�Ôµ¨� �� : ��±��

E(Yi) = E

(
E
( Xi −X(1)
X(n)−X(1) |X(1) = t,X(n) = z

))

= E(

∫ ( Xi −X(1)
X(n)−X(1))f(xi|X(1) = t,X(n) = z)dxi)

= E(
1

z − t
{E(xi|X(1) = t,X(n) = z)− t})108
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢���î �¤ À�����õ� X(1)
X(n)

=
∣∣∣ tz
∣∣∣ ≤ 1 ö���� 1

z−t = 1/z1−t/z = 1
z

∑∞
i=0( tz )i���Ø�����þ� ���� �������� ����: Ý�Æþ��� Ý�÷��� üõ Âþ¥ Â� ù¢�¨ �Âê �� E(Xi|t, z) = g(t, z)

E(Yi) =
∞∑

i=0E( ti

zi+1 g(t, z))− E(
t

z
)i+1���î ü��µ��ó���� ¤¢ ë���ê ü��®���þ ¤ À�����õ� ö¢Â��î �À������ ý�Â��� ���î ´��¨� ß��þ� �������� Û������ì ���µ��Ø��÷Ýó ¤¢ �î Ýþ¤�¢ f(xi|X(1) = t,X(n) = z) üÏÂª âþ¥�� �� ¥��÷ ´¨� X(1) < Xi < X(n). Ý��î üõ üêÂãõ �¤ ö� Âþ¥ü�ÏÂ�ª ü�ó��Ú�� â����� ,´�¨� Xi 6= X(1), X(n) ��î Xi��µ�¨����� ü�ê¢��Ê�� Â���ç�µ�õ ý�Â�� 1 Ýó:¥� ´¨� �¤�±ä f(xi|X(1) = t,X(n) = z)

f(xi|t, z) =
(n− 2)!

m!(n− 3−m)!

(F (xi)− F (t))m(F (z)− F (xi))
n−3−mf(xi)

(F (z)− F (t))n−2 ;

m = 1, ..., n− 3
Xi ü±��Â� ý�û ù¤�õ� ¥� ù¢�Ôµ¨� �� Yi ü®�þ¤ À�õ� ö¢Âî�À�� : �ø¢ ©ø¤ù����Ú���÷� ,À���ª����� i = 1,2, ..., n ý�Â���� ����û Xi ü���±��������Â���� ý����û ù¤����õ� X(1), ..., X(n) Â���ð�: Ýþ¤�¢ ýø�Æ� ßþ� ¥� ù¢�Ôµ¨� �� ∑n

i=1Xi =
∑n
i=1X(i)

Yi =
Xi −X(1)
X(n)−X(1) →

n∑

i=1 Yi = n∑

i=1 Xi −X(1)
X(n)−X(1) =

n∑

i=1 Xi −X(1)
X(n)−X(1): ÝþÂ�ð üõ ü®�þ¤ À�õ� ùÀõ� ´¨¢ �� �¤�±ä ß�êÂÏ ¥�

E

( n∑

i=1 Yi) = E(

n∑

i=1 Xi −X(1)
X(n)−X(1) )Ýû ø ÛÖµÆõ �û Xi ö�� À÷� âþ¥�� Ýû üê¢�Ê� ý�ûÂ�çµõ �û Yi ��¨ üðÄþø �� ���� ��Å� .À÷� âþ¥��

E

( n∑

i=1 Yi) = nE(Yi): Ý�Æþ�÷ üõ Âþ¥ �¤�¬ �� �¤ ��� ýø�Æ� �ø¢ éÂÏ �õ�
E

( n∑

i=1 Xi −X(1)
X(n)−X(1)) = E

(
X(1) −X(1)
X(n)−X(1))+ E

(
X(2) −X(1)
X(n)−X(1))+ ...109
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+E

(
X(n) −X(1)
X(n)−X(1))

= E

(
X(2) −X(1)
X(n)−X(1))+ ...+ E

(
X(i) −X(1)
X(n)−X(1))+ ...

+E

(
X(n−1) −X(1)
X(n)−X(1) )+ 1ý�û ù¤�õ� �õ� .À÷� üê¢�Ê� Â�çµõ �û Xi ö�� ,´¨� üê¢�Ê� Â�çµõ ×þ �µ÷�Â� Û¡�¢ â��� ÂûÛÖµÆõ i = 2, ..., n− 1 ý�Â� �û X(i)−X(1)

X(n)−X(1) �î ßþ�Â���� ,À�µÆ�÷ âþ¥�� Ýû ø ÛÖµÆõ ü±��Â�.¢�Þ÷ �±¨�½õ �¤ �û ü®�þ¤ À�õ� ¥� ��ÀîÂû Àþ�� Å� .À�µÆ�÷ âþ¥�� Ýû ø
E(Yi) =

E

(
X(2)−X(1)
X(n)−X(1))+ ...+ E

(
X(i)−X(1)
X(n)−X(1))+ ...+ E

(
X(n−1)−X(1)
X(n)−X(1) )+ 1

n

E

(
X(i) −X(1)
X(n)−X(1)) =

∫ ∫ ∫
X(i) −X(1)
X(n)−X(1)f(x(1), x(i), x(n))dxndxidx1;

i = 2, ..., n− 1.Ý�ª�� �µª�¢ �¤ Xi üó�Ú� â��� �î ¢¤ø� ´¨¢ �� ö��� üõ ü÷�õ¥ �ú�� �¤ ë�ê �÷�ð�¨ ñ�ÂÚµ÷�. Ýþ¤ø� üõ ´¨¢ �� �¤ Yi À�õ� �ûÂ�çµõ ×� ×� ü®�þ¤ À�õ� �±¨�½õ ¥� Å�
Yi Å÷�þ¤�ø:Ý��î ÓþÂã� ø À�ª�� f(Xi) üó�Ú� �� üê¢�Ê� ý�ûÂ�çµõ �û Xi Âð� 2 ��Ìì

E(X2
i |t, z) = g2(t, z) , E(Xi|t, z) = g(t, z)¥� ´¨� �¤�±ä Yi Å÷�þ¤�ø ù�Ú÷�

var(Yi) =

∞∑

i=0 i{E( ti−1
zi+1 g(t, z))− 2E( ti

zi+1 g(t, z))+ E((
t

z
))i+1}: ´¨� Âþ¥ �¤�¬ �� Yi üê¢�Ê� Â�çµõ ý�Â� Å÷�þ¤�ø ñ�õÂê �î Ý�÷�¢ üõ : ��±��

var

(
X(i) −X(1)
X(n)−X(1)) = var(Yi) = E(Y 2

i )− (E(Yi))
2110
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢ùÀª �þ�¤� ©ø¤ ¥� ö� ý�Â� �î Ý��î �±¨�½õ �¤ E(Y 2
i ) ´¨� üê�î ,Û±ì °ó�Îõ �� ���� ��. Ý��î üõ ù¢�Ôµ¨� E(Yi) ý�Â�

E(Y 2
i ) = E(E(Y 2

i |X(1) = t,X(n) = z))

=

∫
X2
i − 2Xit+ t2
(z − t)2 f(xi|t, z)dxi1 �µØ÷1

(z − t)2 =
d( 1
z−t )

dt
=

d

dt

(1
z

∞∑

i=0( tz )i) =

∞∑

i=0 iti+1zi+1: ¢�Þ÷ ù¢�¨ Âþ¥ �¤�¬ �� ö��� üõ �¤ ��� ñ�ÂÚµ÷� ë�ê �µØ÷ ¥� ù¢�Ôµ¨� ��
=

∞∑

i=0 iti+1Zi+1 {E(X2
i |t, z)− 2tE(Xi|t, z) + t2} =

∞∑

i=0 iti+1Zi+1 {g2(t, z)− 2tg(t, z) + t2}
E(Y 2

i ) =
∞∑

i=0 i{E( ti−1
Zi+1 g2(t, z))− 2E( ti

Zi+1 g(t, z))+ E(
t

z
)i+1}

Yi ¤ø�µÈð Àó�õ â���Ý�������ª����� ����µ���ª�¢ø À�������ª����� F (Xi) â���þ¥����� ����� ü���ê¢����Ê���� ý����ûÂ�������ç���µ���õ ����û Xi Â���ð� 3 ��Ìì: ¥� ´¨� �¤�±ä Yi 7 ¤ø�µÈð Àó�õ â��� ù�Ú÷� gj(t, z) = ∫ Xj
i f(xi|t, z)dxi

MYi(w) =
∞∑

j=0 j∑

k=0 1j!(jk)(−1)j−kE(
wj

(z − t)j
tj−kgj(t, z)): Ýþ¤�¢ eh =

∑∞
k=0 hk

k! ø ¤ø�µÈð Àó�õ â��� ñ�õÂê Õ±Ï : ��±��
MYi(w) = E

(
e
w

Xi−X(1)
X(n)−X(1)) = E(

∞∑

j=0 (w Xi−X(1)
X(n)−X(1) )j

j!
)

= E(
wj

(z − t)j

∫
(Xi −X(1))jf(xi|t, z)dxi)

7Moment generating function 111
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j∑

k=0(jk)(−1)j−kE(
wj

(z − t)j
tj−k

∫
xki f(xi|t, z)dxi)

=

j∑

k=0(jk)(−1)j−kE(
wj

(z − t)j
tj−kgk(t, z))

MYi(w) =

∞∑

j=0 j∑

k=0 1j!(jk)(−1)j−kE(
wj

(z − t)j
tj−kgk(t, z))

´¡���Øþ âþ¥�� �� ý¥�¨ ñ�õÂ÷ 4,À�ª�� [0,1] ´¡���Øþ üó�Ú� ù¢��÷�¡ ¥� âþ¥�� Ýû ø ÛÖµÆõ X1, ..., Xn Ý��î üõ ­Âê:Àþ� üõ ´¨À� Âþ¥ �¤�¬ �� Yi üãÞ¹� âþ¥�� â���
FYi(y) = p

(
(Xi −X(1)
X(n)−X(1) ≤ y

)

=

∫ ∫
p

(
(Xi −X(1)
X(n)−X(1) ≤ y

∣∣X(1) = t,X(n) = z

)
f(X(1) = t,X(n) = z)dzdt

=

∫ 10 ∫ 1
t

∫ y(z−t)+t0 dxn(n− 1)(z − t)n−2dzdt :Å�
FYi(y) =





0 y < 0
y n−1
n+1 + 1

n+1 0 ≤ y < 11 y ≥ 1 112
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n−1
n+1 : ¥� ´¨� �¤�±ä ö� üó�Ú� â��� 0 < Yi < 1 ý�Â�

fYi(y) =





1
n+1 Âð� Yi = 0
n−1
n+1 Âð� 0 < Yi < 11
n+1 Âð� Yi = 1: ´¨� Âþ¥ �¤�¬ �� Yi âþ¥�� ø üó�Ú� â��� ÛØª

Yi (²� ´Þ¨)ñ�Þµ�� üó�Ú� â��� ø (´¨�¤ ´Þ¨) âþ¥�� â��� :3 Û
 Øª: ´¨� Âþ¥ �¤�¬ �� ö� ü®�þ¤ À�õ� Å�
E(Yi) =

∫ 10 y
n− 1
n+ 1dy + 0 ∗ 1

n+ 1 + 1 ∗ 1
n+ 1 =

12
var(Yi) =

∫ 10 y2n− 1
n+ 1dy + 1

n+ 1 +
14 =

n+ 512(n+ 1
MYi(y) =

∫ 10 ety
n− 1
n+ 1dy + e0

n+ 1 +
et

n+ 1 =
n− 1
n+ 1 et − 1

t
+
et + 1
n+ 1�µ� âþ¥�� ý�¤�¢ ,Y(1) ≤ ... ≤ Y(i) ≤ ... ≤ Y(n) ü�ãþ Yi üê¢�Ê� Â�çµõ ü±��Â� ý�û ù¤�õ�113
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



W = X(1)
R +W = X(n)

Y(i)R+W = X(i)

fX(1),X(i),X(n)
(x1, xi, xn) = n!

(i− 2)!(n− i− 1)! (xi − x1)i−2(xn − xi)
n−i−1

fW,Yi,R(w, yi, r) =
n!

(i − 2)!(n− i− 1)!rn−2yi−2
i (1− yi)

n−i−1
fYi(yi) =

∫ 10 ∫ 1−r0 n!

(i− 2)!(n− i− 1)!rn−2yi−2
i (1− yi)

n−i−1dwdr
=

n!

(i− 2)!(n− i− 1)!rn−2yi−2
i (1− yi)

n−i−1 (n− 2)!
n!

=
(n− 2)!

(i− 2)!(n− i− 1)!rn−2yi−2
i (1− yi)

n−i−1
.´¨� �µ� âþ¥�� ý�¤�¢ Y(i)�¹�µ÷ ¤¢ øýÂ�ð �¹�µ÷ 5ýÂ�ð Ý�ÞÊ� ý�úªø¤ ¤¢ �ÜÞ� ¥� ý¢�þ¥ ý�û¢Â�¤�î üê¢�Ê� ý�ûÂ�çµõ ý¥�¨ §��Öõ ü�ý¥�¨ ñ�õÂ÷ ÛþÀ±� üêÂãõ �� �ó�Öõ ßþ� ¤¢ , ¢¤�¢ ü±Êä ý�û �Ø±ª Û�Ü½� ��÷ ø ù¤��ãõ À���¤ ö� ¤ø�µÈð Àó�õ â��� ø Å÷�þ¤�ø ,ü®�þ¤ À�õ� ,âþ¥�� â��� ��Ìì À�� °ó�ì ¤¢ ø �µ¡�¢Â�. Ýþ¢�Þ÷ ü¨¤Â� �¤ ùÀõ� ´¨¢ �� ¸þ�µ÷ ´¡���Øþ âþ¥�� ×Þî �� ø ù¢¤ø� ´¨À�â��Âõ,¤�õ� �þÂÑ÷ Â� ý� �õÀÖõ , § öø¢ ¥�� ,� ß�ÜØ÷�Âê Û�±þÂð , � ¤À÷�ÆØó� ¢�õ ℄1[114
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