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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢ùÀª °�Âõ üê¢�Ê� ¤�Î� Â�çµõ ø¢ ���� ñ�Þµ�� âþ¥�� â��� ß��ã�ý¤�Ê�õ ��Âúª¤�³¨�±ä À�úª ëÂ� ø �� ´ã�¬ ù�ÚÈ÷�¢üê¢�Ê� ¤�Ï �� ùÂ�çµõ ø¢ ���� ñ�Þµ�� âþ¥�� â��� ö¢¤ø� ´¨À� ý�Â� üªø¤ �ó�Öõ ßþ� ¤¢ý�Â�� ù�½÷ ø ùÀª ���¤� üÚµÆ±Þû °þÂ® ø ý���ª�� ý�ûâþ¥�� ö¢�� ��Üãõ �� ùÀª °�Âõ.´¨� ùÀª ù¢�¢ ¼�®�� üþ�ûñ�·õ ¤¢ ö��þÂÑ÷ ,ü�øÂµ÷� ÝÞþ�î�õ Û¬� ,ùÀª °�Âõ üê¢�Ê� ¤�Ï �� ý�ûÂ�çµõ :ýÀ�Üî ý�ûù��ø.á�Ï��õÀÖõ 1ø X Ý�þ�ð ,À�ª�� H(y) ø G(x) ñ�Þµ�� üó�Ú� â���� �� üê¢�Ê� ý�ûÂ�çµõ Y ø X ­ÂÔ�¤¢ �î ´¨� üúþÀ� .Àª�� X ≤ Y a.s. ù�ðÂû À�µÆû ùÀª °�Âõ üê¢�Ê� ¤�Î� ý�ûÂ�çµõ Y.´¨� G(z) ≤ H(z), z Âû ý�¥� �� �¤�Ê�þ�ý���ª�� ñ�Þµ�� ý�ûâþ¥�� ý�¤�¢ À�÷���üõ üÔÜµ¿õ ���� ñ�Þµ�� üó�Ú� â���� Ý�÷�¢üõ���� âþ¥�� ßþÂµú� ,ü�øÂµ÷� ÝÞþ�î�õ Û¬� âþ¥�� ´ê��û¤ �� �ó�Öõ ßþ� ¤¢ .À�ª�� üú��Èõ¢��ì ü¡Â� ´½� ùÂ�çµõ À�� ø ùÂ�çµõ ×þ ü�øÂµ÷� ÝÞþ�î�õ âþ¥�� â��� .Ý��îüõ ß�ãõ �¤�µêÂð ¤�Âì �ãó�Îõ ¢¤�õ (1983) ¤���î ø (1968) ���� À�÷�õ ö�ÖÖ½õ ¥� ý¤��Æ� Í¨��ùÂ���ç�µ�õ À���� ñ��Þ�µ��� â�þ¥��� â����� ý�Â�� ü�Ü�î �Â�ê ×�þ ,(2005) ö�¤��Ø�Þ�û ø ý¤��Ê���õ . �́̈ �ý�ûÂ�çµõ Å÷�þ¤�ø�î ÅþÂ��õ ø ý���ª�� üó�Ú� â���� ö¢�� ��Üãõ ¯Âª �� ü�øÂµ÷� ÝÞþ�î�õ°��Â�õ ü�ê¢��Ê�� ¤��Î�� ý��ûÂ���ç�µ�õ ý�Â�� ü��ø Â�µ�÷� Ý�Þ�þ��î��õ ����� â�þ¥��� .À�÷¢Â�î ����¤� ü�ê¢��Ê��.´¨� �µêÂð ¤�Âì �ãó�Îõ ¢¤�õ (1977) ö�¤�ØÞû ø üþ�õ�î ø (1965) ß¨�Âµ¨� Í¨�� ùÀª¤��Î�� ý��û ù¢�¢ ý�Â�� ü��ø Â�µ�÷� Ý�Þ�þ��î��õ â�þ¥��� ö¢¤ø� �́̈ À�� ý�Â�� ü�ªø¤ ,(2009) Â���Ô���îÂ���Ô���î �̧þ��µ�÷ ö��Þ�û ��� Â�Ú�þ¢ ü�ªø¤ ��� ��ó��Ö�õ ß�þ� 2 Ç�¿�� ¤¢ .¢�¢ ����¤� ùÀ�ª °��Â�õ ü�ê¢��Ê��¶½� .¢�ªüõ ù¢�¢ ¼�®�� ùÀª ���¤� ©ø¤ ñ�·õ ø¢ ���¤� �� 3 Ç¿� ¤¢ .Ý�¨¤üõ ,(2009).´¨� ùÀª ö��� �¤�ú� Ç¿� ¤¢ ýÂ�ð�¹�µ÷ ø484
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢
¤��Ï ��� ùÂ���ç�µ�õ ø¢ ü��øÂ�µ�÷� Ý�Þ�þ��î��õ ñ��Þ�µ��� ����� â�þ¥��� 2ùÀª °�Âõ üê¢�Ê�.¢�ªüõ ö��� ü�øÂµ÷� ÝÞþ�î�õ ñ�Þµ�� âþ¥�� â��� ß��ã� ý�Â� �¥� ¸þ�µ÷ Ç¿� ßþ� ¤¢Âû ý�Â� ù�Ú÷� ,´¨� ÂþÁ� ñ�ÂÚµ÷� �ú÷� â�Âõ �î Àª�� ÂþÁ� ù¥�À÷� â���� �ä�Þ¹õ L2 Âð� :1 Ýóýø�Æ� K ù��¿ó¢ â��� Âû ý�Â� Âð� �ú�� ø Âð� ´¨� h1 = h2, a.e. ,L2 ¤¢ h2 ø h1 â��� ø¢:Àª�� ¤�ÂìÂ� Âþ¥

∫

R

K(x)h1(x)dx =

∫

R

K(x)h2(x)dx (1).´¨� ¤�ÂìÂ� (1) K ù��¿ó¢ â��� Âû ý�Â� �î ´¨� üúþÀ� ,Àª�� h1 = h2, a.e. Âð� :ö�ûÂ�:Ýþ¤�¢ (1) ¥� ÅØäÂ�
∫

R

K(x)(h1(x)− h2(x))dx = 0,:Ýþ¤�¢ K(x) = h1(x)− h2(x) Ǒ�¥�� ,´¨� ù��¿ó¢ K ö��
∫

R

(h1(x)− h2(x))2dx = 0, ßþ�Â����
h1 = h2; a.e.�� �î f(x, y) ñ�Þµ�� üó�Ú� â��� �� (X,Y ) �µ¨��� üê¢�Ê� Â�çµõ ø¢ ü�øÂµ÷� 1 ÓþÂã�.´¨� ùÀª ÓþÂã� Âþ¥ �¤�¬ �� ,¢�ªüõ ù¢�¢ ö�È÷ H(X,Y ) ¢�Þ÷

H(X,Y ) = E(− ln f(X,Y )) = −
∫ ∫

R2 f(x, y)(ln f(x, y))dxdy. (2)485
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢Â�çµõ ø¢ ���� ñ�Þµ�� âþ¥�� ¥� §�î ×þ ý���ª�� üó�Ú� â���� g, h ∈ L2 Âð� 1 ��ÌìÝÞþ�î�õ ñ�Þµ�� üó�Ú� â��� ù�Ú÷� ,À�ª�� X ≤ Y a.s. �¤�Ê� ùÀª °�Âõ üê¢�Ê� ¤�Î�üÜî �Âê ý�¤�¢ ü�øÂµ÷�
fM (x, y) = f1(x)f2(y)I(x ≤ y) (3)üã��� ��¢�ãõ ù�Úµ¨¢ Û� ¥� f2 ø f1 ö� ¤¢ �î ,´¨�





∫
R
f1(x)f2(y)I(x ≤ y)dy = g(x)

∫
R f1(x)f2(y)I(x ≤ y)dx = h(y)

(4).À�þ�üõ ´¨À�
M ø N ù��¿ó¢ â���� ý�Â� ßþ�Â���� À�õ�Üãõ f(x, y) ý���ª�� üó�Ú� â���� ö�� :ö�ûÂ�

µ1 = E(M(X)), µ2 = E(N(Y )) (5)ø E(N(Y )) ö¢��� ���Ü�ã�õ ñ¢��ã�õ g ø h ö¢��� ���Ü�ã�õ 1 Ý�ó ��� ������ ��� .¢��� À���û���¡ ���Ü�ã�õ
(5) Íþ�Âª ´½� ü�øÂµ÷� ÝÞþ�î�õ ñ�Þµ�� üó�Ú� â��� ß��ã� ý�Â� �Áó .´¨� E(M(X)),(1989¤�����î) Ä�÷�Â�ð� �Â�Ü�þø� ©ø¤ ¥� ù¢��Ô�µ�̈ � ��� ñ��� .Ý���þ��Þ�÷ Ý�Þ�þ��î��õ �¤ (2) ´�Æ�þ���ü�õ�¤�Ê� ßþÄ÷�Âð�

L =

∫ ∫

R2 f(− ln f)dxdy

+λ1(∫ ∫
R2 M(x)fdxdy − µ1) + λ2(∫ ∫

R2 N(y)fdxdy − µ2)
=

∫ ∫

R2{−f ln f + (λ1M(x) + λ2N(y))f}dxdy − (λ1µ1 + λ2µ2).�́̈ � f °�Æ�� Â�� ��µ�̈ ����� ø Â�ã�Ö�õ ü�ã����� (−f) ln f + (λ1M(x) + λ2N(y)))f ö��� . �́̈ �ü�øÂµ÷� ÝÞþ�î�õ ñ�Þµ�� üó�Ú� â��� �Áó .À�îüõ ÝÞþ�î�õ �¤ ü�øÂµ÷� �µØþ ¤�Î� ,���ú� �����ó¢�ãõ ���� ý���
∂

∂f
{(−f) ln f + (λ1M(x) + λ2N(y))f} = 0 ßþ�Â���� .´¨�
fM (x, y) = eλ1M(x)eλ2N(y)I(x ≤ y)486
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢�Áó .´¨� y °Æ� Â� ýÂÚþ¢ ø x°Æ� Â� üØþ ü�ãþ â��� ø¢ �ÂÌÜ¬�� fM �î ´¨� ¼®�ø
fM (x, y) = f1(x)f2(y)I(x ≤ y)ñ��Ê�� Û����ì (4) ¥� f2 ø f1 �Á�ó ,À���ª���ü�õ ý�����ª��� ü�ó��Ú�� â������ g ø h ��î ü�þ��¹�÷� ¥�.À�ª��üõÂ�çµõ ø¢ ���� ñ�Þµ�� âþ¥�� ¥� §�î ×þ ý���ª�� üó�Ú� â���� g ø h ∈ L2 Âð� 2 ��Ììâ��� ù�Ú÷� À�ª�� ρ üÚµÆ±Þû °þÂ® �� ø X ≤ Y a.s. �¤�Ê� ùÀª °�Âõ üê¢�Ê� ¤�Î�üÜî �Âê ý�¤�¢ ü�øÂµ÷� ÝÞþ�î�õ ñ�Þµ�� üó�Ú�

fM (x, y) = f1(x)f2(y)eλxyI(x ≤ y), (6)��¢�ãõ ù�Úµ¨¢ Û� ¥� f2 ø f1,λ ö� ¤¢ �î ´¨�




∫
R
f1(x)f2(y)eλxyI(x ≤ y)dy = g(x)

∫
R f1(x)f2(y)eλxyI(x ≤ y)dx = h(y)
∫ ∫

R2 xyf1(x)f2(y)eλxyI(x ≤ y)dxdy = ρσXσY + µxµY

(7).À�þ�üõ ´¨À�
Mø N ù��¿ó¢ â���� ý�Â� Å� À�õ�Üãõ f(x, y) ý���ª�� üó�Ú� â���� ö�� :ö�ûÂ�

µ1 = E(M(X)), µ2 = E(N(Y )) (8)
E(M(X)) ø E(N(Y )) ö¢�� ��Üãõ ñ¢�ãõ gø h ö¢�� ��Üãõ 1 Ýó �� ���� �� .À�µÆû ��ÜãõÅ� ´¨� ρ ��Üãõ ¤�ÀÖõ üÚµÆ±Þû °þÂ® ö�� .´¨�

EXY = ρσXσY + µXµY = C (9)ø (8) Íþ�Âª ´½� ü�øÂµ÷� ÝÞþ�î�õ ñ�Þµ�� üó�Ú� â��� ß��ã� ý�Â� ñ�� .Àª��üõ ��Üãõ�¤�Ê� ßþÄ÷�Âð� ,Ä÷�Âð� �ÂÜþø� ©ø¤ ¥� ù¢�Ôµ¨� �� .Ý�þ�Þ÷ ÝÞþ�î�õ �¤ (1) ´Æþ��üõ (9)
L =

∫ ∫

R2 f(− ln fdxdy + λ(

∫ ∫

R2 xyfdxdy − C)

+λ1(∫ ∫
R2 M(x)fdxdy − µ1) + λ2(∫ ∫

R2 N(y)fdxdy − µ2)
=

∫ ∫

R2{−f ln f + (λxy + λ1M(x) + λ2N(y))f}dxdy

−(λC + λ1µ1 + λ2µ2). 487
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢°Æ� Â� �µ¨��� ø ÂãÖõ üã��� (−f) ln f + (λxy+ λ1M(x) + λ2N(y)))f ö�� ñ�� .´¨�ÝÞþ�î�õ ñ�Þµ�� üó�Ú� â��� �Áó .À�îüõ ÝÞþ�î�õ �¤ ü�øÂµ÷� �µØþ ¤�Î� ,���ú� ���� ´¨� f�ó¢�ãõ ���� ý��� ü�øÂµ÷�
∂

∂f
{(−f) ln f + (λxy + λ1M(x) + λ2N(y))f} = 0, ßþ�Â���� .´¨�
fM (x, y) = eλ1M(x)eλ2N(y)eλxy, x ≤ y.�¤�Ê� ý��� ü�øÂµ÷� ÝÞþ�î�õ ñ�Þµ�� üó�Ú� â��� �Âê �¹�µ÷ ¤¢
fM (x, y) = f1(x)f2(y)eλxyI(x ≤ y)´¨� üúþÀ� À�µÆû ��Üãõ üÚµÆ±Þû °þÂ® ø ý���ª�� üó�Ú� â���� �î üþ�¹÷� ¥� .´¨�.À�ª��üõ ñ�Ê� Û��ì (7) ¥� f2ø f1,λ �î�ûñ�·õ 3À�ª�� Y ≤ X a.s. �¤�Ê� ùÀª °�Âõ üê¢�Ê� ¤�Ï �� �ûÂ�çµõ Y ø X Ý��î ­Âê 1 ñ�·õâþ¥�� â���� ý�¤�¢ °��Âµ� ø

G(x) =





0 x ≤ 0
x2 0 ≤ x ≤ 1,1 1 ≤ x

H(y) =





0 y ≤ 0
y 0 ≤ y ≤ 11 1 ≤ yÂþ¥ üÜî �Âê ý�¤�¢ (X,Y )���� ñ�Þµ�� üó�Ú� â��� 1 ��Ìì �� ���� �� �¤�Ê�þ� ¤¢ ,À�ª��:´¨�

fM (x, y) = f1 (x) f2 (y) I (0 ≤ y ≤ x ≤ 1):�� À÷Â��Â� °��Âµ� �ûÂ�çµõ Y ø X üó�Ú� â���� ��®øÂÔõ �� ���� ��
g(x) = 2xI(0 ≤ x ≤ 1), h(y) = I(0 ≤ y ≤ 1)488
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢:Àþ�üõ ´¨À� Âþ¥ ��¢�ãõ ù�Úµ¨¢ Û� ¥� f2 ø f1 (4) �Î��¤ ¥� ù¢�Ôµ¨� ��




g(x) =
∫
R f(x, y)dy =

∫ x0 f1(x)f2(y)dy
h(y) =

∫
R
f(x, y)dx =

∫ 1
y
f1(x)f2(y)dx ⇒





2x = f1(x) ∫ x0 f2(y)dy1 = f2(y) ∫ 1y f1(x)dx�¹�µ÷ ¤¢ B(y) =
∫ 1
y f1(x)dx ø A(x) = ∫ x0 f2(y)dy Ý��îüõ ÓþÂã�

A′(x) = f2(x), B′(x) = −f1(x) (10)Å�




A(x)B′(x) = 2x
−A′(x)B(x) = 1 (11)�Áó

[A(x)B(x)]′ = 2x− 1⇒ A(x)B(x) = x2 − x (12):ÝþÂ�ðüõ �¹�µ÷ (12) ø (11) Í��ø ¤ ¥�
B′(x)

B(x)
=

2x
x2 − x

=
2

x− 1 ⇒ B(x) = C1(1− x)2 ⇒ B′(x) = −2C1(1− x):ÝþÂ�ðüõ �¹�µ÷ (12) ø (11) ¥� ���Èõ ¤�Ï ��
A′(x)

A(x)
= − 1

x2 − x
⇒ A(x) = C2 x1− x

⇒ A′(x) = C2 1
(1− x)2:Ýþ¤�¢ (10) �Î��¤ �� ���� ��

f1(x) = −B′(x) ⇒ f1(x) = −2C1(1− x)

f2(x) = A′(x) ⇒ f2(x) = −C2 1
(1− x)2:�� ´¨� Â��Â� ü�øÂµ÷� ÝÞþ�î�õ ùÂ�çµõ ø¢ ���� ñ�Þµ�� üó�Ú� â��� �Áó

fM (x, y) = f1(x)f2(y)I(0 ≤ y ≤ x ≤ 1)
= 2C1C2 1− x

(1− y)2 I(0 ≤ y ≤ x ≤ 1)
= C

1− x

(1− y)2 I(0 ≤ y ≤ x ≤ 1)489
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢
∫ ∫

R2 fM (x, y)dxdy = �ó¢�ãõ Û� ¥� C ´¨� ñ�Þµ�� üó�Ú� â��� fM (x, y) �Ø÷� �� ���� ��:Ýþ¤�¢ .Àþ�üõ ´¨À� ,1
C

∫ 10 dx

∫ x0 1− x

(1− y)2 dy = 1⇒ C = 2�¤�Ê� (X,Y ) ���� ñ�Þµ�� üó�Ú� â��� �Áó
fM (x, y) = 2 1− x

(1− y)2 I(0 ≤ y ≤ x ≤ 1):�� ´¨� Â��Â� ùÀª °�Âõ üê¢�Ê� ¤�Î� Â�çµõ ø¢ ßþ� ���� ü�øÂµ÷� ß��»Þû .Àþ�üõ ´¨À�
H(X,Y ) = E(− ln fM (X,Y )) = −E(ln2+ ln(1−X)− 2 ln(1− Y ))

= − ln2−
∫ 10 2x ln(1− x)dx +

∫ 10 2 ln(1− y)dy

= − ln2− 2 ∫ 10 (1− x) lnxdx +

∫ 10 2 lnxdx

= − ln2− 2 ∫ 10 x ln xdx = −12 − ln2À�ª�� Y ≤ X a.s. �¤�Ê� ø ùÀª °�Âõ üê¢�Ê� ¤�Î� �ûÂ�çµõ Y ø X Ý��î ­Âê 2 ñ�·õü�ó��Ú�� â����� �Â�ê �¤��Ê���þ� ¤¢ ,À���ª��� (1,3) ý��µ�� ø (3,3) ý��µ�� â�þ¥��� ý�¤�¢ °����Â�µ�� ø�¤�Ê� (X,Y ) ���� ñ�Þµ��
fM (x, y) = f1 (x) f2 (y) I (0 ≤ y ≤ x ≤ 1)�¤�Ê� ý���ª�� ñ�Þµ�� üó�Ú� â���� �Áó ´¨�




g(x) =
∫
R
fM (x, y)dy =

∫ x0 f1(x)f2(y)dy
h(y) =

∫
R fM (x, y)dx =

∫ 1
y f1(x)f2(y)dx:�� À÷Â��Â� ñ�Þµ�� üó�Ú� â���� ñ�·õ ��®øÂÔõ �� ���� �� üêÂÏ ¥� ,À�µÆû

g(x) = 30x2(1− x)2, 0 < x < 1; h(y) = 3(1− y)2, 0 < y < 1490
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



30x2(1− x)2 = f1(x) ∫ x0 f2(y)dy3(1− y)2 = f2(y) ∫ 1y f1(x)dxø A′(x) = f2(x) ø¤ ßþ� ¥� B(y) =
∫ 1
y
f1(x)dx ø A(x) = ∫ x0 f2(y)dy Ý��îüõ ÓþÂã�Å� B′(x) = −f1(x)





A(x)B′(x) = −30x2(1− x)2
A′(x)B(x) = 3(1− x)2 (13)�¹÷� ¥� ø [A(x)B(x)]′ = −30x2(1− x)2 + 3(1− x)2 �¹�µ÷ ¤¢

A(x)B(x) = −6x5 + 15x4 − 9x3 − 3x2 + 3x (14):¢�ªüõ �¹�µ÷ (14) ø (13) ¥�
A′(x)

A(x)
=

3(1− x)2
−6x5 + 15x4 − 9x3 − 3x2 + 3x�Áó .lnA(x) = −13 ln(x− 1) + lnx− 23 ln(2x+ 1) + C′1:Ýþ¤�¢ ýÂ�ð ñ�ÂÚµ÷� ¥� Å�

A(x) = C1 1
(1− x)

13 (2x+ 1) 23:¢�ªüõ �¹�µ÷ (14) ø (13) ¥� ���Èõ ¤�Ï ��
B′(x)

B(x)
=

30x2(1− x)2
−6x5 + 15x4 − 9x3 − 3x2 + 3x

B(x) ø A(x) ��ÖµÈõ ñ�� B(x) = C2(1− x)
13 (2x+1) 53 :Ýþ¤�¢ ��±¨�½õ üîÀ÷� ¥� Å�:Ýþ¤ø�üõ ´¨À� �¤

A′(x) = C1 −1
(1− x)

43 (2x+ 1) 53 , B′(x) = 10C2x(1 − x)
73 (2x+ 1) 23�¤�Ê� (X,Y ) ���� ñ�Þµ�� üó�Ú� â��� �Áó

fM (x, y) = f1(x)f2(y)I(0 ≤ y ≤ x ≤ 1) = −A′(y)B′(x)I(0 ≤ y ≤ x ≤ 1)
= C

x(1− x)
73 (2x+ 1) 23

(1− y)
43 (2y + 1) 53 I(0 ≤ y ≤ x ≤ 1)491
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∫ ∫

R2 fM (x, y)dxdy = ´¨� ���� ñ�Þµ�� üó�Ú� â��� ×þ fM �î �¹÷� ¥� Àþ�üõ ´¨À�ßþ�Â���� .Àþ�üõ ´¨À� C = 1/91 ö� ¥� ø 1
fM (x, y) = 1/91x(1− x)

73 (2x + 1) 23
(1− y)

43 (2y + 1) 53 I(0 ≤ y ≤ x ≤ 1)
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