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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢ßØþ¥�� n �� ö¤�Öµõ�÷ ¥��¤�Þì üÚµÆØª¤ø �ÜÿÆõ ý¥�¨ ��±ª ø ü¨¤Â�ý¤�ø�±¨ ýÀúõ ,´¨Â� üÞª�û ýÀµÖõ À�¨ü¨�Ï ßþÀó� Â�Ê÷ ����¡ üµã�¬ ù�ÚÈ÷�¢ ,ü®�þ¤ ùøÂð�þ�õÂ¨ �î üµó�� ¤¢ ßØþ¥�� n �� ö¤�Öµõ�÷ ¥��¤�Þì üÚµÆØª¤ø �ÜÿÆõ ü¨¤Â� �� �ó�Öõ ßþ� ¤¢á�ìø ñ�Þµ�� ��÷ ø ,1 ≤ d ≤ n ,´¨� ¤�¢ d �� Â��Â� ��Àî Âû ø ýø�Æõ Ýû �� ö��Øþ¥�� ��óø�¥� üØþ �þ ý¥�� ßþ� ¥� ¤ø¢ Âû ¤¢ .Ýþ¥�¢Â� üõ ¢¤�¢ ¢��ø ý¥�� ¥� ¤ø¢ Âû ¤¢ ýø�Æ� ´ó��¤�¢ 1 ýÂÔ÷ ÂÚþ¢ ßØþ¥�� n−1 ¥� ×þ Âû ¥� �¤�¬ ßþ� ¤¢ ø À¨¤ üõ ý¥øÂ�� �� ö��Øþ¥��üó�� º�û ø Àµê� üõ ë�Ô�� ýø�Æ� ´ó�� ý¥�� ¤¢ �þ ,À�Ø�õ ´ê�þ¤¢ ¤�¢ n−1 á�Þ¹õ ¤¢ øö��Øþ¥�� ¥� üØþ Ûì�À� �þ�õÂ¨ �î üþ�� �� ý¥�� .¢�ª üÞ÷ ñÀ� ø ¢¤ ý¥�� ¥� ¤ø¢ ö� ¤¢,¢Â�ð üõ ¤�Âì ü¨¤Â� ¢¤�õ �ó�Öõ ßþ� ¤¢ �î üþ�ûÂµõ�¤�� �ÜÞ�¥� .À�î üõ �À�� �õ�¢� ¢�ª ��Þ�´��� ß��»Þû .Àª�� üõ ö��Øþ¥�� ¥� ×þ Âû üÚµÆØª¤ø ñ�Þµ�� ø üÚµÆØª¤ø ö�õ¥ À�õ�¤¢ .À÷� ÛÖµÆõ Àõ�È�� ø¢ ¢�ª ´ÆØª¤ø ßØþ¥�� ��Àî �Ø�þ� ø üÚµÆØª¤ø ö�õ¥ �î Ý��î üõ¤¢ �¤ üÚµÆØª¤ø ö�õ¥ À�õ� ¥� ùÀõ� ´¨À� ¸þ�µ÷ ,«�¡ �ÜÿÆõ À�� ý¥�¨ ��±ª �� ö�þ��´¨À� Í��ø ¤ ´½¬ ,ý¥�¨ ��±ª ¥� ùÀõ� ´¨À� ¸þ�µ÷ .Ý�û¢ üõ ¤�Âì ü¨¤Â� ¢¤�õ ÛÞä.Àû¢ üõ ¤�Âì À�þ�� ¢¤�õ �¤ ùÀõ�ö��õ¥ ,ö¤��Ö�µ�õ��÷ ý¥��� ,ß�Ø�þ¥��� n ��� ¥��� ¤��Þ�ì ü�Ú�µ�Æ�Ø�ª¤ø ��Ü�ÿ�Æ�õ :ýÀ���Ü�î ý��ûù��ø.Àõ�È�� ø¢ ñ�Öµ¨� ,üÚµÆØª¤ø
�õÀÖõ 1¤��Þ�ì ý¥��� ��� ¤�¢ N − i ø i ����óø� ý��û ��þ��õÂ�̈ ��� ��î À�þÂ���Ú�� Â�Ñ�÷ ¤¢ �¤ ß�Ø�þ¥��� ø¢ý¥�� ¥� ¤ø¢ Âû ¤¢ �õ ÂÑ÷ ¢¤�õ ¥��¤�Þì ø ù¢�� ÂÚþÀØþ ¥� ÛÖµÆõ �¤�¬ �� �û ý¥�� .À�ó�çÈõñ�Þµ�� �� �þ ,¢Â�ð üõ ¢�¡ Û��Öõ éÂÏ ¥� ¤�¢ 1 �¤�Ê÷� ¤¢ ø ¢�ª üõ ùÀ÷Â� p ñ�Þµ�� ��üþ�� �� ý¥�� .¢¥�¢Â� üõ Û��Öõ éÂÏ �� ¤�¢ 1 �¤�Ê÷� ¤¢ ø ¢�ª üõ ùÀ÷¥�� q = 1− p�� ùÀ÷Â� ßØþ¥�� �¤�Ê÷� ¤¢ .À¨Â� üÚµÆØª¤ø �� ö��Øþ¥�� ¥� üØþ �î À�î üõ �À�� �õ�¢��î üó��ÿ¨ .¢Â� À�û��¡ ö�þ�� �� �¤ ý¥�� ¤�¢ 0 �þ�õÂ¨ �� ùÀ÷¥�� ßØþ¥�� ø ¤�¢ N �þ�õÂ¨564
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢¤¢ ´¨� ý¥�� ö�þ�� ¥� Å� ¤�¢ N �� ¥��¤�Þì �þ�õÂ¨ öÀ�¨¤ ñ�Þµ�� ´¨� �ÂÎõ �¹�þ� ¤¢.À�î ¥�è� ¤�¢ i ��óø� �þ�õÂ¨ �� �¤ ý¥�� �î ü�¤�¬�� ´¨� üê¢�Ê� ý�ûÀ�þ�Âê ¤¢ ùÀª �µ¡��ª ø Ýúõ ¤��Æ� Û��Æõ ¥� üØþ �î ��� �ÜÿÆõö� ¥� ý¢��þ¥ ý��û ´�ó��� Ó�Ü�µ�¿�õ â���Â�õ ¤¢ ��î ´�̈ � éøÂ�ã�õ ¥��� ¤��Þ�ì ü�Ú�µ�Æ�Ø�ª¤ø ��Ü�ÿ�Æ�õ¥��¤�Þì üÚµÆØª¤ø �ÜÿÆõ �� ö��� üõ �ÜÿÆõ ßþ� ý�û Ý�Þã� �ÜÞ� ¥� .℄3[ ´¨� ùÀª ü¨¤Â�.¢Âî ù¤�ª� ßØþ¥�� n ��
cn, . . . , c2, c1 ��� Â���Â�� °����Â�µ�� ��À�î Â�û ����óø� ��þ��õÂ�¨ ��î À�þÂ���Ú�� Â�Ñ�÷ ¤¢ �¤ ß�Ø�þ¥��� nø ü�ê¢��Ê�� ¤��Ï ��� (��i ß�Ø�þ¥��� ��·�õ) ö����Ø�þ¥��� ¥� ü�Ø�þ ,ý¥��� ¥� ¤ø¢ Â�û ¤¢ .À�ª��� ¤�¢Â�ð� .p1 + p2 + · · · + pn = 1 ö� ¤¢ ��î ¢��ª ü�õ ùÀ�÷Â�� i = 1,2, . . . , n , pi ñ��Þ�µ��� ���2ö¤�Öµõ�÷ �Â÷� �¤�Ê�þ� Â�è ¤¢ ø 1ö¤�Öµõ �¤ ý¥�� ù�Ú÷� Àª�� p1 = p2 = · · · = pn = 1/nø) ¤�¢ 1 ýÂÔ÷ ùÀ÷¥�� ßØþ¥�� n− 1 ¥� ��ÀîÂû ¥� ùÀ÷Â� ßØþ¥�� ,ý¥�� ¥� ¤ø¢ Âû ¤¢ .Ý�þ�ðö��Øþ¥�� ¥� üØþ Ûì�À� �þ�õÂ¨ �î ü÷�õ¥ �� ý¥�� .À�î üõ ´ê�þ¤¢ (¤�¢ n− 1 á�Þ¹õ ¤¢×þ ¥� Ç�� ´¨� ßØÞõ ý¥�� ßþ� ¤¢ �î ´¨� Âî£ �� �¥� .À�î üõ �À�� �õ�¢� À¨Â� ��Þ�� ��,Ý�ª�� üõ �ú÷� ü¨¤Â� �� Ûþ�õ ý¥�� ßþ� ¤¢ �î üþ�ûÂµõ�¤�� �ÜÞ� ¥� .¢�ª ´ÆØª¤ø ßØþ¥��.Àª�� üõ ö��Øþ¥�� üÚµÆØª¤ø ý�û ñ�Þµ�� ø üÚµÆØª¤ø ö�õ¥ À�õ�4ý¤��µ¡� Óì�� ��Ìì ö¢Â� ¤�î �� �� ,ßØþ¥�� �¨ �� ö¤�Öµõ ý¥�� ü¨¤Â� ßÞ® 3ñÀ�¨ý�Â�� c3 ø c2 ,c1 ù���¿�ó¢ ����óø� ý��û ��þ��õÂ�¨ ý�¥� ��� ý¥��� ß�þ� ¤¢ ��î ´�¨� ù¢��Þ�÷ ���±���:ö��Øþ¥��

E(T ) =
c1c2c3

c1 + c2 + c3 − 2´�ó��� ¤¢ �����È�õ ý¥��� ��ó��Ö�õ ß�þ� ¤¢ .℄7[ À�ª��� ü�õ ý¥��� ü�Ú�µ�Æ�Ø�ª¤ø ö��õ¥ T ö� ¤¢ ��îý�Â� E(T ) �±¨�½õ ý�Â� üó�õÂê º�û ,ñ�� �� �� .´¨� �µêÂÚ÷ ¤�Âì ü¨¤Â� ¢¤�õ ö¤�Öµõ�÷.´¨� ùÀþ¢ÂÚ÷ ���¤� ù��¿ó¢ ��óø� ý�û �þ�õÂ¨ �� ö¤�Öµõ�÷ ý¥��ý�¥� �� E(T ) �±¨�½õ ý�Â� üó�õÂê °��Âµ� ,ë�ê �ÜÿÆõ Ý�Þã� ßÞ® ,6�� ø 5Ù÷��×þ ÛØª �� ���Öõ ßþ� ¤¢ ùÀª ���¤� ñ�õÂê �õ� .℄2[ ø ℄1[ À÷� ù¢�Þ÷ ���¤� n ≥ 3 ø n = 4
1Symmetric

2Asymmetric

3Sandell

4Optional Stopping Theorem

5Chang

6Cho 565
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢üÚµÆØª¤ø ý�û ñ�Þµ�� �±¨�½õ �� ¥��÷ E(T ) �±¨�½õ ý�Â� ø Àª�� üÞ÷ ù¢�¨ �µÆ� ñ�õÂêÂÚþÀØþ �� ýø�Æõ �¤ ö��Øþ¥�� ��óø� �þ�õÂ¨ �î ü�¤�¬ ¤¢ �õ� .Àª�� üõ ÓÜµ¿õ ý�û ö�õ¥ ¤¢.¢¢Âð üõ ÛþÀ±� �µÆ� �Âê ×þ �� ���Öõ ßþ� ¤¢ ùÀª ���¤� ©ø¤ ,ÝþÂ�Ú� ÂÑ÷ ¤¢ø 7��ø¤ Í¨�� ¤�� ß�óø� ý�Â� ö¤�Öµõ�÷ ´ó�� ¤¢ ßØþ¥�� n �� ¥��¤�Þì üÚµÆØª¤ø �ÜÿÆõ�þ�õÂ¨ �î À÷� ù¢�Þ÷ ü¨¤Â� �¤ üµó�� ö�ðÀ�Æþ�÷ �ó�Öõ ßþ� ¤¢ .℄5[ Àþ¢Âð ü¨¤Â� 8öÂµª�ùÀª ´��� �ó�Öõ ßþ� ¤¢ .Àª�� ,0 ≤ d ≤ n+ 1 ,¤�¢ d �� Â��Â� ø ýø�Æõ Ýû �� ö��Øþ¥�� ��óø�:β = (n+1)α2 ø α = n!p1p2 . . . pn ý�¥� �� �î ´¨��¤�Ê�þ� ¤¢ Àª�� d = n Âð� .1
P (T = t) =





αk−1(1− α) t = kn,0 otherwise.�¤�Ê�þ� ¤¢ Àª�� d = n+ 1 Âð� .2
P (T = t) =





βk−1(1− β) t = kn+ 1,0 otherwise.�¤�Ê�þ� ¤¢ Àª�� 0 ≤ d ≤ n− 1 Âð� .3
P (T = t) =





1 t = d,0 otherwise. ��÷ ø
E(T ) =





n1−α d = n,1+ n1−β d = n+ 1,
d 0 ≤ d ≤ n− 1.

7Rocha

8Stern 566
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢ö��Øþ¥�� ��óø� �þ�õÂ¨ �î üµó�� �� �¤ ÂîÁó� ë�ê �ó�Öõ ¥� ùÀõ� ´¨À� ¸þ�µ÷ öÂµª� ø ��ø¤ø �́���� ý¢À�ä r ö� ¤¢ ��î À�÷� ù¢�¢ ©Â�µ�Æ�ð ����÷ �́̈ � ¤�¢ n + r ��� Â���Â�� ø ýø��Æ�õ Ý�û ���.℄6[ ´¨� n ýø�Æõ �þ ÂµØ��îá��ìø ñ��Þ�µ��� ö� ¤¢ ��î ´�̈ � ùÀ�þ¢Â�ð ����¤� ℄5[ ¤¢ ùÀ�ª ü���Â�Ï ý¥��� ¥� ü�Þ���Þ�ã�� �Â���¡�ü�µ�ó��� ¤¢ ��Ü�ÿ�Æ�õ ��ó��Ö�õ ß�þ� ¤¢ .℄4[ À�ª��� ��µ�ª�¢ ¢���ø ý¥��� ¥� ¤ø¢ Â�û ¤¢ ýø��Æ�� ´�ó���, �́̈ � ¤�¢ d ��� Â���Â�� ��À�î Â�û ø ýø��Æ�õ Ý�û ��� ö����Ø�þ¥��� ����óø� ��þ��õÂ�̈ ��î �́̈ � ùÀ�ª ü�̈ ¤ Â��,i = 1,2, . . . , n ,��i ßØþ¥�� �·õ ,ö��Øþ¥�� ¥� üØþ �þ ý¥�� ¥� ¤ø¢ Âû ¤¢ .1 ≤ d ≤ n+ 11 ýÂÔ÷ ÂÚþ¢ ßØþ¥�� n− 1 ¥� ×þ Âû ¥� �¤�¬ ßþ� ¤¢ ø À¨¤ üõ ý¥øÂ�� �� pi ñ�Þµ�� ��ë�Ô�� ýø�Æ� ´ó�� ý¥�� ¤¢ r ñ�Þµ�� �� �þ ,À�Ø�õ ´ê�þ¤¢ ¤�¢ n− 1 á�Þ¹õ ¤¢ ø ¤�¢üÞÆì �� r ø pi ý�û ñ�Þµ�� .¢�ª üÞ÷ ñÀ� ø ¢¤ ý¥�� ¥� ¤ø¢ ö� ¤¢ üó�� º�û ø Àµê� üõö��Øþ¥�� ¥� üØþ Ûì�À� �þ�õÂ¨ �î üþ�� �� ý¥�� .p1 + p2 + · · ·+ pn︸ ︷︷ ︸
p

+r = 1 �î À�µÆûý¥�¨ ��±ª �� ,´ó�� ßþ� ¢À¹õ ü¨¤Â� ßÞ® �ó�Öõ ßþ� ¤¢ �Áó .À�î üõ �À�� �õ�¢� ¢�ª ��Þ��� �û ý¥�¨ ��±ª ��Üî .Ý�û¢ üõ ¤�Âì ü¨¤Â� ¢¤�õ �¤ ℄4[ ¥� Û¬�� ¸þ�µ÷ «�¡ ý¥�� À����÷ ø ùÀõ� ´¨À� ¸þ�µ÷ ´½¬ Â� üû��ð À�÷��� üõ ø À÷� ùÀª ��¹÷� Maple 12 ¤��ê� �Â÷.Àª�� üÜÞä ��ì�Ô�� �� ¸þ�µ÷ ßþ� ´Ö��Îõ,ß��Ø��þ¥���� Â��û ý�Â��� ¤�¢ d ������óø� ���þ���õÂ��̈ ���� ý¥���� áøÂ��ª 2
.1 ≤ d < nüÚµÆØª¤ø ö�õ¥ À�õ� 1�2×þ Âû ��óø� �þ�õÂ¨ �î �¹÷� ¥� .Àû¢ üÞ÷  ¤ üÚµÆØª¤ø ��d ¤ø¢ ¥� Û±ì �î ´¨� ¼®�ø�¤�Ê�þ�¤¢ ,¢ÂþÁ� ��¹÷� ýø�Æ� öøÀ� ý¥�� d Âð� ßþ�Â���� ,´¨� ¤�¢ n ¥� ÂµÞî ö��Øþ¥�� ¥�ý�Â�� �Á�ó .À�û¢ ü�õ �́̈ ¢ ¥� �¤ ©� ��þ��õÂ�̈ Û�î ��î �́ª�¢ À�û���¡ ¢���ø ß�Ø�þ¥��� ×�þ Û�ì�À��ýø�Æ� t− d ñø� ¤ø¢ t− 1 ¤¢ ´Æþ�� üõ ÀµÔ�� ë�Ô�� ,t ≥ d ,��t ¤ø¢ ¤¢ üÚµÆØª¤ø �Ø�þ�üÚµÆØª¤ø ö�õ¥ T Âð� ßþ� Â���� .ÀûÀ÷  ¤ ýø�Æ� ´ó�� ùÀ÷�õ üì�� ¤ø¢ d ¤¢ ø Àµê� ë�Ô���¤�Ê�þ�¤¢ Àª��

P (T = t) =

(
t− 1
t− d

)
rt−d(1− r)d, t = d, d+ 1, d+ 2, . . .567
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢,1 ≤ d < n ,¤�¢ d ö�ÆØþ ��óø� ý�û �þ�õÂ¨ �� ßØþ¥�� n ö¤�Öµõ�÷ ý¥�� ¤¢ 1 ��Ìì
E(T ) =

∞∑

t=d

t

(
t− 1
t− d

)
rt−d(1− r)d =

d

p
(1)

ö��Øþ¥�� ¥� ×þÂû üÚµÆØª¤ø ñ�Þµ�� 2�2,t ≥ d ,��t ¤ø¢ ¤¢ Ei �Ø�þ� ý�Â� �Áó .Àª�� ��i ßØþ¥�� üÚµÆØª¤ø Àõ�È�� Ei À��î ÂêùÀ÷�õ üì�� ¤ø¢ d ¤¢ ø Àµê� ë�Ô�� ýø�Æ� t− d ñø� ¤ø¢ t − 1 ¤¢ ´Æþ�� üõ ÀµÔ�� ë�Ô��ßþ�Â���� .¢�È÷ ¥øÂ�� ��i ßØþ¥��
P (Ei ∩ {T = t}) =

(
t− 1
t− d

)
rt−d(p− pi)

d, t = d, d+ 1, d+ 2, . . .ßþ�Â����
P (Ei) =

∞∑

t=d

P (Ei ∩ {T = t}) =
∞∑

t=d

(
t− 1
t− d

)
rt−d(p− pi)

d =
(p− pi)

d

pd:Ýþ¤�¢ �¤ Âþ¥ ��Ìì ���Èõ ÕþÂÏ ��Âð� ,1 ≤ d < n ,¤�¢ d ö�ÆØþ ��óø� ý�û �þ�õÂ¨ �� ßØþ¥�� n ö¤�Öµõ�÷ ý¥�� ¤¢ 2 ��Ìì�¤�Ê�þ� ¤¢ i1 6= i2 6= . . . 6= im ø i1, i2, . . . , im ∈ {1,2, . . . , n} ø 1 ≤ m ≤ n

P (Ei1 ∩ Ei2 ∩ · · · ∩ Eim) =
(p− pi1 − pi2 − · · · − pim)d

pdñ��õÂ�ê ¤��µ�¡��̈ ��� ������ ��� ,¢��Þ�÷ ö����� ö���� ü�õ Ç�¿�� ß�þ� ¥� ��î ý� ��µ�Ø�÷ ß�þÂ�¡� ö�����ä ���:�î ´¨� ¼®�ø ,��i ßØþ¥�� üÚµÆØª¤ø ñ�Þµ�� ß��»Þû ø üÚµÆØª¤ø ö�õ¥ ñ�Þµ��
P (Ei ∩ {T = t}) = P (Ei)P (T = t):Ýþ¤�¢ �¤ Âþ¥ ��Ìì Â� üÜî ´ó�� ¤¢ �Áó�î ßþ� ,1 ≤ d < n ,¤�¢ d ö�ÆØþ ��óø� ý�û �þ�õÂ¨ �� ßØþ¥�� n ö¤�Öµõ�÷ ý¥�� ¤¢ 3 ��Ìì.Àª�� üõ üÚµÆØª¤ø ö�õ¥ ¥� ÛÖµÆõ ýÀõ�È�� ,À÷¢Âð ´ÆØª¤ø ö��Øþ¥�� �þ ßØþ¥�� ��Àî568
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢ßØþ¥�� Âû ý�Â� ¤�¢ n ��óø� �þ�õÂ¨ �� ý¥�� áøÂª 3üÚµÆØª¤ø ö�õ¥ À�õ� 1�3.T ≥ n ßþ�Â���� ,Àû¢ üÞ÷  ¤ üÚµÆØª¤ø ��n ¤ø¢ ¥� Û±ì ´ó�� ßþ� ¤¢ �î ´¨� ¼®�ø�¤�Ê�þ� ¤¢ ,Àª�� �µª�À÷ ¢��ø ý¥�� ¤¢ ýø�Æõ ´ó�� Âð� �î ¢�¢ ö�È÷ ö��� üõ üµ��¤ ��üµó�� ¤¢ �Áó .℄5[ Àû¢  ¤ À÷��� üõ ,k = 1,2, . . . ,T = kn ý�û ö�õ¥ ¤¢ ÍÖê üÚµÆØª¤ø�¤�Ê�þ� ¤¢ ,Àµê� ë�Ô�� T = kn ö�õ¥ ¤¢ üÚµÆØª¤ø Âð� ,¢¤�¢ ¢��ø ý¥�� ¤¢ ýø�Æõ �î¤¢ �Áó .´¨� ù¢�µê� ë�Ô�� ñø� ¤ø¢ kn− 1 ¤¢ ýø�Æ� (k − 1)n �þ . . .�þ 2n �þ n �þ 0 �Ö�ì¢.Ýþ¥�¢Â� üõ ,k = 1,2, . . . ,T = kn ý�û ö�õ¥ ¤¢ üÚµÆØª¤ø ñ�Þµ�� �±¨�½õ �� ñø� ��ð:´¨� ù¢�µê� ë�Ô�� Âþ¥ ý�û ´ó�� ¥� üØþ �¤�¬ ßþ� ¤¢ T > n Âð�üõ  ¤ Âþ¥ ñ�Þµ�� �� Àõ�È�� ßþ� .´¨� ù¢�µê� ë�Ô�� ýø�Æ� ×þ Ûì�À� ñø� ¤ø¢ n ¤¢ •:Àû¢
P (¤ø¢ n ¤¢ ýø�Æõ ×þ Ûì�À�) = 1− P (¤ø¢ n ¤¢ ýø�Æõ ÂÔ¬) = 1− pn�� ´¨� Â��Â� Àõ�È�� ßþ� á�ìø ñ�Þµ�� .´¨� �µª�¢ ¢Â� 1 �Ö�ì¢ ßØþ¥�� Âû ñø� ¤ø¢ n ¤¢ •

P (¤ø¢ n ¤¢ ßØþ¥�� Âû ý�Â� ¢Â� ×þ) = n!p1p2 . . . pn ßþ�Â����
P (T > n) = n!p1p2 . . . pn + 1− pn = α+ 1− pnë�Ô�� À÷��� üÞ÷ ��n ¤ø¢ ¥� Û±ì �� üÚµÆØª¤ø �î �¹÷� ¥� .α = n!p1p2 . . . pn ö� ¤¢ �îßþ�Â���� Àµê�

P (T = n) = 1− P (T > n) = pn − α.Àû¢  ¤ T = 2n ö�õ¥ ¤¢ üÚµÆØª¤ø �î Ýþ¥�¢Â� üõ Àõ�È�� ßþ� ñ�Þµ�� ü¨¤Â� �� ñ��ë�Ô�� ñø� ¤ø¢ 2n− 1 ¤¢ ýø�Æõ n �þ 0 �Ö�ì¢ ´ó�� ßþ� ¤¢ Ýþ¢Âî ö��� �±ì �î �÷�ð ö�Þû:Ýþ¤�¢ �¤ Âþ¥ ���� ¥� üØþ ßþ� Â���� .´¨� ù¢�µê�569
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢¤�� 1 �Ö�ì¢ ßØþ¥�� Âû ñø� ¤ø¢ n ¤¢ .´¨� ù¢�µÔ�÷ ë�Ô�� ý¥�� ¤¢ ýø�Æõ ´ó�� º�û •�� Àõ�È�� ßþ� .´¨� ùÀ�¨¤ üÚµÆØª¤ø �� ý¥�� ü÷�þ�� ¤ø¢ n ¤¢ ø ùÀ�¨¤ ý¥øÂ�� ��.ÀµÔ�õ ë�Ô�� α(pn − α) ñ�Þµ��ý¥�� ùÀ÷�Þ�ì�� ¤ø¢ n ¤¢ ø ´¨� ù¢�µê� ë�Ô�� ýø�Æõ ´ó�� n �Ö�ì¢ ñø� ¤ø¢ 2n−1 ¤¢ •.Àª�� üõ (2n−1
n

)
rn(pn − α) �� Â��Â� Àõ�È�� ßþ� ñ�Þµ�� .´¨� ùÀ�¨¤ üÚµÆØª¤ø ��:Ýþ¤�¢ ßþ�Â����
P (T = 2n) = α(pn − α) +

(2n− 1
n

)
rn(pn − α):Ý�¨¤ üõ Âþ¥ �Î��¤ �� T = kn ö�õ¥ ¤¢ öÀª ´ÆØª¤ø ý�Â� ,��� ´ó�� ���Èõ

P (T = kn) =

k−1∑
i=0 (kn− 1

in

)
rinαk−i−1(pn − α),T = kn+ l ö�õ¥ ¤¢ üÚµÆØª¤ø Âð� �î Àþ¢ Ý�û��¡ Ýþ¥�¢Â³� �ÜÿÆõ ßþ� �� Â� üÜî üÞî Âð�ý¥��� ñø� ¤ø¢ kn + l − 1 ¤¢ �¤��Ê���þ� ¤¢ À�û¢  ¤ ,l = 0,1, . . . n − 1 ø k = 1,2, . . .üµó�� ¤¢ �Áó .´¨� ù¢�µê� ë�Ô�� ýø�Æõ (k − 1)n + l �þ . . .�þ 2n+ l �þ n+ l �þ l �Ö�ì¢:Ýþ¤�¢ ��� ���Èõ

P (T = kn+ l) =
k−1∑
i=0 (kn+ l− 1

in+ l

)
rin+lαk−i−1(pn − α), k = 1,2, . . .

l = 0,1, . . . , n− 1,¤�¢ n ö�ÆØþ ��óø� ý�û �þ�õÂ¨ �� ßØþ¥�� n ö¤�Öµõ�÷ ý¥�� ¤¢ 1 ��Ìì
E(T ) =

∞∑

k=1 n−1∑
l=0 k−1∑

i=0(kn+ l)

(
kn+ l − 1
in+ l

)
rin+lαk−i−1(pn − α) =

npn−1
pn − α

(2)ö��Øþ¥�� ¥� ×þÂû üÚµÆØª¤ø ñ�Þµ�� 2�3¤¢ �»÷� ���Èõ üªø¤ Àþ�� ,´ó�� ßþ� ¤¢ ��i ßØþ¥�� üÚµÆØª¤ø ñ�Þµ�� �±¨�½õ ´ú�¢�ª ´ÆØª¤ø T = n ö�õ¥ ¤¢ ��i ßØþ¥�� �Ø�þ� ý�Â� .Ý��î ñ�±÷¢ �¤ Ýþ¢�Þ÷ ö��� ��� Ç¿�570
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢.¢¢ÂÚ÷ ý¥øÂ�� º�û °��¬ ßØþ¥�� ßþ� ø ÀûÀ÷  ¤ ýø�Æõ º�û ¤ø¢ n ßþ� ¤¢ ´Æ�ê�îßþ�Â����
P (Ei ∩ {T = n}) = (p− pi)

nÂþ¥ ���� ¥� üØþ ù�Ú÷� ¢�ª ´ÆØª¤ø T = 2n ö�õ¥ ¤¢ ��i ßØþ¥�� Âð� °��Â� ß�Þû ��:´¨� ù¢�µê� ë�Ô��¤�� 1 �Ö�ì¢ ßØþ¥�� Âû ñø� ¤ø¢ n ¤¢ .´¨� ù¢�µÔ�÷ ë�Ô�� ý¥�� ¤¢ ýø�Æõ ´ó�� º�û •.´¨� ù¢¤ø��÷ ´¨¢ �� ý¥øÂ�� º�û ��i ßØþ¥�� ü÷�þ�� ¤ø¢ n ¤¢ ø ùÀ�¨¤ ý¥øÂ�� ��.ÀµÔ�õ ë�Ô�� α(p− pi)
n ñ�Þµ�� �� Àõ�È�� ßþ�¤ø¢ n ¤¢ ø ´��¨� ���µ��êÂ��ð �¤���¬ ýø���Æ��õ ´��ó���� n ���Ö�����ì¢ ñø� ¤ø¢ 2n − 1 ¤¢ •��� Â���Â�� À�õ��È���� ß�þ� ñ��Þ�µ��� .´�¨� ùÀ���¨Â�÷ ý¥øÂ���� º���û ��� ��i ß�Ø�þ¥��� ùÀ�÷��Þ���ì���.Àª�� üõ (2n−1

n

)
rn(p− pi)

n:´ª�¢ Ý�û��¡ �Áó
P (Ei ∩ {T = 2n}) = α(p− pi)

n +

(2n− 1
n

)
rn(p− pi)

n¤¢ ��i ßØþ¥�� �Ø�þ� ý�Â� ,Ý��î ñ�±÷¢ ÂÚþ¢ ¤�� ×þ �¤ Àª üÏ Û±ì Ç¿� ¤¢ �î ýÀ÷ø¤ Âð�:Ý�¨¤ üõ Âþ¥ ñ�õÂê �� ¢�ª ´ÆØª¤ø T = kn+ l ö�õ¥
P (Ei ∩ {T = kn+ l}) =

k−1∑
j=0(kn+ l− 1

jn+ l

)
rjn+lαk−j−1(p− pi)

n:Ýþ¤�¢ �Áó ø
P (Ei) =

∞∑

k=1 n−1∑
l=0 P (Ei ∩ {T = kn+ l})

=
∞∑

k=1 n−1∑
l=0 k−1∑

j=0(kn+ l − 1
jn+ l

)
rjn+lαk−j−1(p− pi)

n =
(p− pi)

n

pn − αø 1 ≤ m ≤ n Âð� ,¤�¢ n ö�ÆØþ ��óø� ý�û �þ�õÂ¨ �� ßØþ¥�� n ö¤�Öµõ�÷ ý¥�� ¤¢ 2 ��Ìì�¤�Ê�þ� ¤¢ i1 6= i2 6= . . . 6= im ø i1, i2, . . . , im ∈ {1,2, . . . , n}
P (Ei1 ∩ Ei2 ∩ · · · ∩ Eim) =

(p− pi1 − pi2 − · · · − pim)n

pn − α571
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1389 ¢�¢Âõ ,�þÂ±� ù�ÚÈ÷�¢ ö�Âþ� ¤�õ� Å÷�ÂÔ�î ß�Þû¢:Ýþ¤�¢ �ûÀõ�È�� ñ�Öµ¨� ¢¤�õ ¤¢ �¤ Âþ¥ ��Ìì ,Û±ì Ç¿� À�÷�Þû ��÷ Ç¿� ßþ� ¤¢ßØþ¥�� ��Àî �î ßþ� ,¤�¢ n ö�ÆØþ ��óø� ý�û �þ�õÂ¨ �� ßØþ¥�� n ö¤�Öµõ�÷ ý¥�� ¤¢ 3 ��Ìì.Àª�� üõ üÚµÆØª¤ø ö�õ¥ ¥� ÛÖµÆõ ýÀõ�È�� ,À÷¢Âð ´ÆØª¤ø ö��Øþ¥�� �þ
ý¥�� ý¥�¨ ��±ª 4:ÝþÂ�ð üõ ÂÑ÷ ¤¢ Âþ¥ Õ��Îõ �¤ ¥��¤�Þì üÚµÆØª¤ø �ÜÿÆõ ¥� �þ�Þµõ ý¥�� �¨ Ç¿� ßþ� ¤¢ö��Øþ¥�� ¢Â� ñ�Þµ�� .À�ó�çÈõ ¤�Þì ý¥�� �� ¤�¢ 4 ö�ÆØþ ��óø� ý�û �þ�õÂ¨ �� ßØþ¥�� 5 (i:À÷� ùÀª ÓþÂã� Âþ¥ �¤�Ê� ý¥�� ¤¢ ýø�Æ� ´ó�� á�ìø ñ�Þµ�� ß��»Þû ø

r =
16 ; p1 = p2 =

16 ; p3 = p4 =
18 ; p5 =

14.E(T ) = d
p = 456 = 4/8 ,�ÜÿÆõ ßþ� ¤¢ (1) �Î��¤ �� ���� ��ö��Øþ¥�� ¢Â� ñ�Þµ�� .À�ó�çÈõ ¤�Þì ý¥�� �� ¤�¢ 5 ö�ÆØþ ��óø� ý�û �þ�õÂ¨ �� ßØþ¥�� 5 (ii�� ���� �� .À÷� ùÀª ÓþÂã� (i) À�÷�Þû ý¥�� ¤¢ ýø�Æ� ´ó�� á�ìø ñ�Þµ�� ß��»Þû ø.E(T ) = npn−1

pn−α = 6/20091 ,�ÜÿÆõ ßþ� ¤¢ (2) �Î��¤¤¢ ýø�Æõ ñ�Þµ�� .À��î üõ ý¥��¤�Þì ¤�¢ 6 ö�ÆØþ ��óø� ý�û �þ�õÂ¨ �� ßØþ¥�� 6 (iii

pi =
16 �� Â��Â� ø ýø�Æõ Ýû �� ö��Øþ¥�� ¢Â� Å÷�ª ø (r = 0) ¢¤�À÷ ¢��ø ý¥�� ßþ�.E(T ) = npn−1

pn−α = 6/09404 ,�ÜÿÆõ ßþ� ¤¢ (2) �Î��¤ �� ���� �� .Àª�� üõü�õ ���̈ Ç�¿�� ��� ¯���Â�õ Â�Ú�þ¢ ý¥��� ø¢ ø �ø¢ Ç�¿�� ��� ¯���Â�õ (i) ¤¢ ùÀ�ª ü���Â�Ï ý¥����ÂÎõ �ÜÿÆõ ¥� ü¬�¡ ´ó�� �î ´¨� ö¤�Öµõ ý¥�� ×þ (iii) ¤¢ ùÀª ü��ÂÏ ý¥�� .À�ª��.Àª�� üõ ��¨ Ç¿� ¤¢ ùÀªü�õ �Â��� ¤��� N �¤ ��À�î Â�û ø ù¢��Þ�÷ ý¥��̈ ����±�ª Maple 12 ¤���ê� �Â�÷ ��� �¤ ý¥��� ��̈ ß�þ�¤¢ ÓÜµ¿õ ý�ûN ý�¥� �� üÚµÆØª¤ø ö�õ¥ ß�Ú÷��õ ¥� ùÀõ� ´¨À� ¸þ�µ÷ 1 ñøÀ� .Ý��î.Àû¢ üõ ö�È÷ �¤ �û ý¥�¨ ��±ª ßþ�572
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