
www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

Tmv�q u�� R ���D CLD ��� Q��v w R��

�u��UQ�B OtL� ���RH �������k
 QwYvt

���y� M�W �r�a VRwt� xUUwt �Q�t� w �	�� Q xwQo �

u�yiY� �DavY x�oWv�O ��	�� Q swra �xOmWv�O �

$ 	 $��� �� ���N w OwW xDiQo � s�tYD � Ca��� C�a�w QO s�vm�t ZQi �xO�mJ
u�� R 	��D �x��B Q� �QDt�Q�B 	��wD OQw�Q� QO xS� w x� l�Uqm Q�t� ��yxRwt� R� �Q��U� �O�� O�OB
�oO�U Ea�� �Q�v #�Lr x� xm OwW�t x��Q� L�$� � $� �rm sQi x� ��N 	� Qt uQ�kDt
�qwtat xm �OQ� Q�m #�Lr x� �t� �OOQo�t �yQoOQw�Q� pwYL QO ���� Q C��U�Lt R� �Q��U�
�v�Um� C�ty� �$ 	 �� OQw�Q� sm ���N w �$ � �� OQw�Q� V�� ���N R� pY�L ��yv�� R
u�� R 	��D uwJty uQ�kDt�v u�� R 	��wD R� xO�iDU� x� �Ovtkqa wQ u�� R� �CU�v �U�vt (OvQ�Ov

�CU� xDi�� V��Ri� Q�N� ��yr�U QO L�$� � bfea� � a$� 	g �rm sQi x� Tmv�q
w xDN�OQB Tmv�q u�� R 	��D CLD R�� �xOa�k w s�a ��� Q��v s�y�it �UQQ� x� xr�kt u��
x� w xDN�OQB Tmv�q u�� R 	��D �iQat x� �OD�� QO �OyO�t Q�Qk xHwD OQwt �Q s�y�it u�� ���DQ�
���N �x��B Q� u�� R 	��D u�� xm s�yO�t u�Wv TBU w OwW�t xQ�W� u� �Q�DN�U ��y�oS� w
QO �OR�U�t xOQw�Q� �Q pwmr��w��Q �QW �$ � ln� �� �� �tD� Q�or ���N w �$ � �� �� xO�U

�OwW�tv xOQw�Q� �QW u�� �$ � ���
� � ��Uv ���N �x��B Q� xm �r�L

u�� R w ��N 	��wD �R�� w �� Q��v ��yQoOQw�Q� ��O�rm ��yxS�w

xtOkt �
Qo � �CU� �X �U� �Q�PBxR�Ov� ���i QO �ya� RwD R� xO�wv�N l� fP�� � � %g s�vm�t ZQi
�OwQ Q�m� � 
 % �
 � �QDt�Q�B 	��D OQw�Q� ��Q� ��X� QoOQw�Q� �X � X �xOy�Wt T�U� Q�
�s�yO�t u�Wv W ���X�� ����� �� L���X�� ����� �	��D� O�tv �� �Q s�tYD u�� u�� R x�ov�

�xm s�vm�t ZQi L��� �� u�� R 	��D OQwt QO
L��� �� � � �hr�
L��� �� � � ��

�CU� xDUw�B OwN �xir�wt wO Qy x� C�Uv L��� �� �G
�� Measurable Space

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

�CU� Q�Ov�Qm f�j L��� r� � �g �xawtHt �C��F r � � Qy ��Q� �O
�s�yO�t u�Wv $���X�� ����� O�tv �� �Q ��X� �xr�Uw x� ���� OQw�Q� ���N 	��D u�vJty

�R� OvDQ��a OQw�Q� ���N 	��D hwQat sQi xU
$���X�� ����� � ��X� � ���� �OQw�Q� xO�U ���N �hr�

$ � ln� ��X�
���� � �OQw�Q� �tD� Q�or ���N ��

$ � ��X�
���� � 	 �OQw�Q� ��Uv ���N �G

u�� QO �OwW�t h� QaD s�tYD u� ���N R� �a��D �s�tYD l� u�� R �qwtat �Q�t� ���vDU� QO
�s�yO�t Q�Qk Q�YDN� CyH �xr�kt

�� 	 ���� � �X 	 ��X� � $ 	 $��X � ��� � L�$� 	 L�$��X � ����

�O�O x��Q� Q� R CQwY x� �Q � s�a ��� Q��v h� QaD �O�v��� �Q !
"� 	��	 p�U QO utyr
�� Q��v�W QoOQw�Q�l� �X �xQ�t� �W ��� �� u�� R 	��DuDW�O Q��DN� QO ZQi �� ��	�h� QaD

Qo � �yvD w Qo � CU� �� �QDt�Q�B 	��D

E��W ��X � ���� � E��W ��X � ����� 	 
��� � � %

�xQ�t� Qo � u�vJty �OwW�t xDio Q�PBOQw�Q��W �Q �� �QDt�Q�B 	��D ��X OwHw CQwY QO xm
�OwW�t xDio �� �� Q��W QoOQw�Q� l� u� x� �Ovmv jOY jwi �QW QO �X

p�U QO hv��rm �CU� Q�wWO Q��U� ��� Q��v s�a h� QaD �wQ R� QoOQw�Q� l� ��� Q��v �UQQ�
�Owtv QDv�U� u�� R 	��wD �NQ� CLD �Q �UQQ� u�� �Q� R sr x��Q� �� 	��


��Q� C��F Q�Okt Qy ��R� x� w Q�PBjDWt xDUw�B Qw�� W ��� �� 	��D s�vm�t ZQi ��	� sr
OQw�Q� ��Q� x�wNrO �xQ�t� l� �X Qo � �W ��� �� � � xm �Qw�� CU� �OLt �pw� �xir�wt

�Ovm jOY Q� R �QW QO �� � � Q�Okt l� ��Q� xm OW�� ��xvwo x� �� �QDt�Q�B 	��D

E�

�
sup

���c��
f ��

���
�

W ��X � �� � c�g
�
	 � 	 
� � % �	�

�Ovm jOY Q� R �w�UD QO Qo � �yvD w Qo � CU� �� �QDt�Q�B 	��D �� Q��v�W QoOQw�Q� l� �X x�ov�

E�

�
�

���
W ��X � ���

�
� � 	 
� � % ���

�� General Unbiasedness

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�!�" QO C��F�
xQ��Nt ��Q�O �W u�� R 	��D CLD (Ovvm�tv jOY �	� �QW QO xm ���yxQ�t� �qwtat
x� Ovvm�t jOY �	� �QW QO xm ���yxQ�t� Tqm �wJQ�J QO �re� wQ u�� R� �OvDUy C��yv��
pO�at �X ��� Q��v�W ����	� sr ���QW CLD (CQwY u�� QO xm OwW�t xvN�OQB ����k C��F�

�CU� �X �xQ�t� �UwD ��� �QW uDN�U xOQw�Q�
CLD� Tmv�q uQ�kDt�v u�� R 	��D ��X QoOQw�Q� �UwD �� �QDt�Q�B 	��D OQw�Q� QO ��	� p�Ft

�s� Q�o�t Q�v QO Q� R sQi x� �Q �xO�U ���N

L��X � ��� � b
n
ea��X���� � a��X � ���� 	

o
CUO x� u�� R 	��D u�� CLD s�a ��� Q��v ��Q� pO�at h� QaD l� ���	� sr x� xHwD �� s�y�wN�t
u�O� �s���tv �UQQ� �Q �X QoOQw�Q� uOw� �� Q��v�Tmv�q s�v�wD� �oO�U x� u� j� Q� R� xm s� Qw�

(s�vm�t �UQQ� u�� R 	��D u�� ��Q� �Q ���	� sr ���QW �OD�� �Qw�vt
��R� x� w Q�PBjDWt Q�� wO xDUw�B Qw� x� Tmv�q u�� R 	��D xm OQm C��F u�wD�t �oO�U x� �

�CU� �OLt �pw� �xir�wt ��Q� C��F Q�Okt Qy
L��� �� � b

�
ea����� � a�� � �� � 	� � � �

�va� (Ovm jOY ��� �QW QO � � � Q�Okt l� ��Q� xm OW�� ��xvwo x� �X QoOQw�Q� Qo � �p�L
�s�W�� xDW�O � � % Qy ��Q�

E�

�
sup

���c��

�
��

���
�

L��X � �� � c�

��
� E�

�
sup

���c��

n
ba�ea��X����c�

o�
� ba�E�

h
ea��X����

i
sup

���c��
fe�acg

� ba�E�

h
ea��X����

i
maxfea�� e�a�g 	 �

E��e
a��X����� 	 � 	 
� � % pO�at Qw� x� ��

Qo � �yvD w Qo � CU� �� �� Q��v�Tmv�q QoOQw�Q� l� �X QoOQw�Q� x�ov�

E�

�
�

���
L��X � ���

�
� � �� E��e

a�X � � ea�� 	 
� � %

Q� R ��yQoOQw�Q� Tqm CLD ��	� xH�Dv

C �
n
�X j E��e

a��X����� 	 � 	
� � %
o

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

�Ovm jOY Q� R �w�UD QO Qo � �yvD w Qo � CU� �� �� Q��v�Tmv�q QoOQw�Q� l� �X

�� �
	
a
lnE��e

a�X � 	 
� � %

�
�

(CU� Q�Ov�Qm u�Tmv�q �xQ��Nt 	��D w Q�PBOQw�Q��Tmv�q �� �QDt�Q�B 	��D �OwHw CQwY QO xm

R��X � ��� � E��L��X � ����

� �abE���X � ��� 	 � 	 
� � %

���N CLD �Q Tmv�q u�� R 	��D ��X QoOQw�Q� �UwD �� �QDt�Q�B 	��D OQw�Q� QO ��	� p�Ft
�s� Q�o�t Q�v QO Q� R sQi x� �tD� Q�or

L��X � ��� � b

��
�X
��

�a
� a ln

�
�X
��

�
� 	
�

CUO� u�� R 	��D u�� CLD s�a ��� Q��v ��Q� pO�at h� QaD l� ���	� sr x� xHwD �� s�y�wN�t
�Qw�vt u�O� �s���tv �UQQ� �Q �X QoOQw�Q� uOw� �� Q��v�L s�v�wD� �oO�U� u� j� Q� R� xm s� Qw�

(s�vm�t �UQQ� u�� R 	��D u�� �� x���Q QO �Q ���	� sr ���QW �OD��

xDUw�B Qw�� ��tD� Q�or ���N CLD� Tmv�q u�� R 	��D xm OQm C��F u�wD�t �oO�U� �
�OLt �pw� �xir�wt ��Q� C��F Q�Okt Qy ��R� x� �a � �	 �QW x�� w Q�PBjDWt Q�� wO

�CU�
L��� �� � b

n�
�
�

�a � a ln
�
delta
�

�� 	
o
� � �

�va� (Ovm jOY �	� �QW QO � � � Q�Okt l� ��Q� xm OW�� ��xvwo x� �X QoOQw�Q� Qo � �p�L

E�

�
sup

���c��

�
��

���
�

L��X � �� � c�

��
�

� bE�

�
sup

���c��

�
a�a� 	��aX
��� � c�a�� � a

��� � c��

��
	 � 	 
� � %

Qo�O CQ��a x� ��

E� ��
a
X � sup

���c��

�
a�a� 	�

��� � c�a��

�
	 � 	 
� � %

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

w
sup

���c��

� �a

��� � c��

�
	� 	 
� � %

Qo � �yvD w Qo � CU� �� �� Q��v�L QoOQw�Q� l� �X QoOQw�Q� x�ov�

E�

�
�

���
L��X � ���

�
� � �� E���

a
X � � �a� 	
� � %

CUO� �Q �pw� �wv� �B wQDv� u�� R 	��D x�ov� �a � �b � �	 s�yO Q�Qk L u�� R 	��D QO Qo �
�� Q��v��B wQDv� QoOQw�Q� �X TB �Ovm�t jOY ���	� sr ���QW QO u�� R 	��D u�� �s� Qw��t

�Ovm jOY Q� R �QW QO Qo � CU� ��

E�

� 	
�X

�
�

	
��

	 
� � %

CUO� �Q �swO �wv� �B wQDv� u�� R 	��D x�ov� �a � b � 	 s�yO Q�Qk L u�� R 	��D QO Qo �
�Ovm�tv jOY ���	� sr ���QW QO u�� R 	��D u�� �s� Qw��t

�OQtWQ� Q� R sr QO �Q Q�PBOQw�Q� �QDt�Q�B 	��wD OwHw ���QW ����DQ� u�� QO hv��rm u�vJty
xm �Qw�� CU� �swO �xir�wt x� C�Uv� �OLt w �ivt�v �a��D W s�vm�t ZQi ��	� sr

�Ovm jOY Q� R �QW QO xm OW�� ��xvwo x� �X �xQ�t� Qo � �W ��� �� � �
inf
r��

E��W ��X � r�� 	 � 	 
� � % �
�

�CU� u� �� Q��v�W QoOQw�Q� �X xm �Qw� x� OQ�O OwHw �� �QDt�Q�B 	��D �x�ov�
�!�" QO C��F�

xOQw�Q� h� QaD �W w L �u�� R� 	��wD OQwt QO 	�
 C���Qi u��� �� 	��� p�U QO hv��rm
�Owtv x��Q� Q� R CQwY x� �Q �L�W � 	��wD CiH �UwD �pwmr��w��Q �QW uOW

�xO�w v� N ��Q � xO v U � �xQ� t� T 	 T �X� s � v m� t ZQ i ��	� h � Q a D
Q oOQw�Q � Qy ��R� x � Q o � �CU� �X �U� Q �P BxR�O v� ��� i QO fP�� � � %g ��y	� RwD
�xQ�t� �x��B Q�� ��T 	 ���T � �� Q��v�W QoOQw�Q� l� ��� �QDt�Q�B 	��D ��Q� �X �� Q��v�W

�Ovm jOY Q� R �QW QO xm ��xvwo x� OW�� xDW�O OwHw �� ��Q� �T �xOvU�
E��L��

�
T � ���� � E��L��X � ���� 	 
� � % ���

uOW xOQw�Q� �UQQ� �OwW�t xOQw�Q� �L�W � CiH �UwD pwmr��w��Q �QW s�� wo�t x�ov�
�CU� pmWt Q��U� �u� h� QaD j� Q� R� u�� R 	��wD R� CiH l� �UwD pwmr��w��Q �QW

�� Rao�Blackwell�s Condition

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

x� Ovvm�t jOY �
� w �	� �wQW QO xm ���yQoOQw�Q� Tqm �xOwOLt QO xr�kt u�� QO
xQ��Nt 	��D �qwtat �yQoOQw�Q� R� Tqm u�� QO� s� R�OQB�t pwmr��w��Q �QW uOW xOQw�Q� �UQQ�
��	� �wQW QO xm CU� ���yxQ�t� ��� Q��v�W ��yQoOQw�Q� R� �t Qw�vt wQ u�� R� ��CU� Q�Ov�Qm

�Ovvm�t jOY �
� w ���
OQw�Q� �xO�U ���N CLD �UQQ� u�� ��Q� �Q �QDxO�U VwQ �Q� R �x��k �x��Q� �� hv��rm

�O�O x��Q�
	��D OQw�Q� �xO�U ���N 	��D $ 	 $��X � ��� � �X � �� s�vm�t ZQi ��	� x��k
�OLt �O�m � ��ivt�v 	��D l� � 
 � �
 � R�v w CU� �X QoOQw�Q� �xr�Uw x� �� �QDt�Q�B
xm �Qw�� (W ��X � ��� � ��$� s�yO Q�Qk Qo � �CU� Q�PBjDWt xDUw�B Qw�� Q�� wO w
	��wD CiH �UwD pwmr��w��Q �QW uOW xOQw�Q� ��Q� �i�m w sRq �QW l� x�ov� ����� � �

�OW�� Q� R sQi wO R� �m� x� � 	��D xm CU� u�� �L�W �

��$� � c$� ���N 	� Qt u�� R
��

��$� � bfea� � a$� 	g �Tmv�q u�� R

�CU� �OLt L��������� r� 	��D �C��F r Qy ��Q� R�v w CU� a �� � w b� c � � u� QO xm
�!
" QO C��F�

�� Q��v�W QoOQw�Q� l� �X u� QO xm W ��X � ��� � ���X � ��� Qo � ��	� xH�Dv
Qw�� Q�� wO w �OLt �O�m � ��ivt�v 	��D l� � 
 � �
 � w CU� �� �QDt�Q�B 	��D ��Q�
xmv�� ��Q� �i�m w sRq �QW l� x�ov� ����� � � xm �Qw� x� (CU� Q�PBjDWt xDUw�B
�xOvU� �xQ�t� �x��B Q�� �� ��Q� �� Q��v�W QoOQw�Q� l� (��T � ���� � E�����X�jT �

�OW�� �Tmv�q ��� ��N 	� Qt u�� R 	��D sQi x� � xm CU� u�� OW�� xDW�O OwHw ��T
�Ovm�t jOY Q� R �w�UD wO QO ��T QoOQw�Q� x�ov� OW�� ��N 	� Qt u�� R 	��D sQi x� � 	��D Qo �

��T � E��X jT � � E���T � � E��X � � �� �
� � %

�Ovm�t jOY Q� R �w�UD wO QO ��T QoOQw�Q� x�ov� OW�� Tmv�q u�� R 	��D sQi x� � 	��D Qo � w

��T �
	
a
lnE�ea�X jT � � E�ea�

�
T � � E�ea�X � � ea�� �
� � %

��� �� Q��v QoOQw�Q� ��T x�ov� OW�� �OLt L��������� r� 	��D �C��F r Qy ��Q� Qo � u�� Q� xwqa
�CU� �L u�� R 	��D �xQ��Nt u� QDtm �� ��� Q��v�Tmv�q

�� Minimum L�Risk �LINEX��Unbiased Estimator�MRUE�

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�Tmv�q� ��N 	� Qt u�� R 	��D sQi x� L w pt�m w xOvU� xQ�t� l� T Qo � (X�N Cr�L QO
�OwW�t xDio �� �QDt�Q�B 	��D ��Q� �UMRUE� UMVUE� QoOQw�Q� �Q ��T QoOQw�Q� x�ov� �OW��
	� RwD R� pkDUt w �iO�YD �xvwtv l� X��X�� ���� Xn s�vm�t ZQi ���	� p�Ft
Q�v QO �� �CU� �� �QDt�Q�B 	��D ��Q� x�wNrO QoOQw�Q� l� �X w CU� �swrat �� �N��� ���

�Q� R sQi x� �L� Tmv�q u�� R w �Ls� ��N 	� Qt u�� R 	��wD uDiQo

Ls��X � ��� � ��X � ���
�

� L��X � ��� � ea��X���� � a��X � ���� 	
wQ u�� R� �OvR�U�t xOQw�Q� �Q jwi �x��k C���Qi L w Ls 	��wD xm OwW�t x�Lqt Kw�w x�

�s� Q�O
�X � X� s�v�O�t p�Ft ��Q� (OR�U�t xOQw�Q� �Q pwmr��w��Q �QW �L�Ls� CiH �
QoOQw�Q� l� ���X � �X QoOQw�Q� �iQ� R� CU� � QDt�Q�B ��Q� �� Q��v�Ls QoOQw�Q� l�
�Ovm�t jOY Q� R �w�Ut�v QO xm ��xvwo x� CU� xOvU� �xQ�t� ��v�t Q� � �� Q��v�Ls

E��L��
�
�X� ��� � e

�
�na

��� � 	
� e

�
�a

��� � 	
� E��L��X � ���

�X � X�� �
�a�

� s�v�O�tp�Ft��Q� (OR�U�t xOQw�Q� �Q pwmr��w��Q�QW�Ls � L�CiH �
���X � �X � �

�na�
� QoOQw�Q� �iQ� R� CU� � QDt�Q�B ��Q� �� Q��v�Tmv�q QoOQw�Q� l�

�w�Ut�v QO xm ��xvwo x� CU� xOvU� �xQ�t� ��v�t Q� � �� Q��v�Tmv�q QoOQw�Q� l�
�Ovm�t jOY Q� R

E��Ls��
�
�X� ��� �

��

n
�

	

na

���

� �� �
	

a

���

� E��Ls��X � ���

�xvt�O �� �ya� RwD �xO�wv�N QO UMRUE ��yQoOQw�Q� �
QDt�Q�B x� xDU��w

�OvQ�O QDt�Q�B x� xDU��w Q�O�kt �xvt�O xm ���ya� RwD �r�oJ 	��wD R� sQi wO x� xQ�W� �� VN� u�� QO
CQwY QO �Q �UMRUE� Tmv�q xQ��Nt u� QDtm �� �� Q��v�Tmv�q ��yQoOQw�Q� �rm sQi
�� Uniformly Minimum Variance Unbiased Estimator

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

�s� Qw��t CUO� �QDt�Q�B 	��wD ��Q� u�mt�

�OW�� Q� R �r�oJ 	��D �� �a� RwD R� �iO�YD �xvwtv l� X�� X�� � � � �Xn Qo � �hr�

f��x� �

�
Q����M��x� 	 b 	 x 	 �
� 	 ��kv Q��U

s�v�O�t

	 �

Z �

b
f��x�dx

� Q����

Z �

b
M��x�dx

u��Q��v�
	

Q����
�

Z �

b
M��x�dx ���

w

M���� �
�Q�����
Q�

����
���

s� Q�O ���� �w�UD x� xHwD �� (�Pr

F��x� �

Z x

b
f��t� dt

� Q����

Z x

b
M��t�dt

�
Q����

Q��x�
	 b 	 x 	 � ���

��� CU� Q��Q� �ya� RwD R� xO�wv�N u�� pt�m w xOvU� �xQ�t�
X�n� � max

i�������� �n
fXig

�CU� Q� R sQi x� �r�oJ 	��D ��Q�O ���� �w�UD x� xHwD �� (xm

g��t� � n�F��t��
n��f��t�

�
nQn

����

Qn��
� �t�

M��t�

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

Q� R �w�UD QO ��� 	 ���� UMRUE QoOQw�Q� (���X� 	 ���X�n�� �T�U� u�� Q�
�Ovm�t jOY

ea�� � E�

h
ea�

��X�n��
i

�

Z �

b
ea�

��t�g��t� dt

�

Z �

b
ea�

��t� nQ
n
����

Qn��
� �t�

M��t� dt 	 
� � x

u��Q��v�Z �

b
ea�

��t�M��t�

Qn
��t�

dt �
	
n
Q�n� ���ea��

s� Q�O �Q�N� �w�UD u�iQ� R� �Q�ojDWt ��

ea�
���� M����

Qn��
� ���

�
	
n

�
a���e

a��Q�n� ���� nQ�����Q
�n��
� ���ea��

�
s� Q�O ���� �w�UD x� xHwD �� (Qo�O CQ��a x�

ea�
���� � ea��

�
	� a���Q����

nQ�����

�
��� CU� Q��Q� �OwHw �QW x�� ���� �QDt�Q�B 	��D UMRUE QoOQw�Q� �rm sQi u��Q��v�

���X�n�� � ��X�n�� �
	
a
ln

�
	� a���X�n��Q��X�n��

nQ���X�n��

�

�CU� C�Ft l� p�tDL� ��
h
	� a���X�n��Q��X�n��

nQ���X�n��

i
u� QO xm

(CU�v x�U�Lt p��k �qwtat QoOQw�Q� u�� �xQ��Nt 	��D �rm sQi

R���� ��� � E�

h
ea��

��X�n�������� � a����X�n��� ������ 	
i

� �aE�

�
���X�n��� ����

�
� �aE����X�n��� ������E�

�
ln�	� a���X�n��Q��X�n��

nQ���X�n��
�

�

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

�xrY�i �wQCN�wvm� 	� RwD R��iO�YD �xvwtvl�X� �X�� ����Xn Qo � ��	� p�Ft
CQwY u�� QO �OW�� ��� ��

Q���� �
	
�

� M��x� � 	 � b � �

��� CU� Q��Q� �a � � �QW x�� �� � � QDt�Q�BUMRUE QoOQw�Q� u��Q��v� w

���X�n�� � X�n� �
	
a
ln

�
	 �

aX�n�

n

�
(CU�v x�U�Lt p��k �r�rLD VwQ x� QoOQw�Q� u�� �xQ��Nt 	��D

R���� �� � E�

h
ea��

��X�n����� � a����X�n��� ��� 	
i

� �aE�

�
X�n� �

	
a
ln�	 �

aX�n�

n
�� �

�
�s�vm�t �iDm � 	��D u�� sUQ x� wrQ�m Cvwt �R�U x��W VwQ �� wQ u�� R�

	� RwD R� w ���D 	� w �� ��ytHL x� �iO�YD �xvwtv 	���� O�rwD �� (	 pmW QO
�CU� xOW sUQ � � ���	��� Q�O�kt �xvt�O QO �� QoOQw�Q� xQ��Nt 	��D �U��� ��
�xvwtv �xQ��Nt Q�O�kt R� QDtm ���D �� �xvwtv �xQ��Nt Q�O�kt xm OwW�t xOy�Wt

�CU� ���D 	�
(OW�� Q� R �r�oJ 	��D �� �a� RwD R� �iO�YD �xvwtv l� X��X�� � � � �Xn Qo � ��

f��x� �

�
Q����M��x� 	 � 	 x 	 b
� 	 ��kv Q��U

s�v�O�t

	 �

Z b

�
f��x�dx

� Q����

Z b

�
M��x�dx

u��Q��v�

	
Q����

�

Z b

�
M��x�dx ���

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

U��� �� 	� RwD QO � QDt�Q�B UMRUE QoOQw�Q� �xQ��Nt 	��D �R�Ux��W �	 pmW

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

w

M���� �
Q�����
Q�

����
�	��

s� Q�O ���� �w�UD x� xHwD �� (�iQ� R�

	� F��x� �

Z b

x
f��t�dt �		�

� Q����

Z b

x
M��t�dt

�
Q����

Q��x�
	 � 	 x 	 b

��� CU� Q��Q� �ya� RwD R� xO�wv�N u�� pt�m w xOvU� �xQ�t�
X��� � min

i�������� �n
fXig

�CU� Q� R sQi x� �r�oJ 	��D ��Q�O ��		� �w�UD x� xHwD �� (xm

g��t� � n�	� F��t��
n��f��t�

�
nQn

����

Qn��
� �t�

M��t�

Q� R �w�UD QO ��� � ���� UMRUE QoOQw�Q� (���X� 	 ���X���� �T�U� u�� Q�
�Ovm�t jOY

ea�� � E�

h
ea�

��X����
i

�

Z b

�
ea�

��t� nQ
n
����

Qn��
� �t�

M��t� dt 	 
b � �

��Z b

�
ea�

��t�M��t�

Qn
��t�

dt �
	
n
Q�n� ���ea��

s� Q�O �Q�N� �w�UD u�iQ� R� �Q�ojDWt ��

�ea�
���� M����

Qn��
� ���

�
	
n

�
a���e

a��Q�n� ���� nQ�����Q
�n��
� ���ea��

�

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

s� Q�O ���� �w�UD x� xHwD �� (Qo�O CQ��a x�

ea�
���� � ea��

�
	� a���Q����

nQ�����

�
CU� Q��Q� �OwHw �QW x�� ���� �QDt�Q�B 	��D ��Q� UMRUE QoOQw�Q� �rm sQi u��Q��v�

���
���X���� � ��X���� �

	
a
ln

�
	� a���X����Q��X����

nQ���X����

�
�CU� C�Ft l� p�tDL� ��

h
	� a���X����Q��X����

nQ���X����

i
u� QO xm

(CU�v x�U�Lt p��k �r�rLD VwQ x� �qwtat QoOQw�Q� u�� �xQ��Nt 	��D �rm sQi

R���� ��� � E�

h
ea��

��X���������� � a����X����� ������ 	
i

� �aE���
��X����� �����

� �aE����X����� ������E�

�
ln�	� a���X����Q��X����

nQ���X����
�

�

�tD� Q�or ���N CLD pwmr��w
�Q �QW 	

x� �Q � 	��D wQ u�� R� w Owtv C��F� $ � �X � �� Cr�L QO �yvD �Q ���	� �x��k hv��rm
�Q x��k u�� u�wD�t x��Wt pqODU� �� �t� �OQw� CUO x� Tmv�q w ��N 	� Qt sQi wO R� �m�
�QW uOW xOQw�Q� x�ov� �$ � � ln� �X�� � Qo � xm Ovm�t u��� ���	� �x��k s�taD �O�O s�taD
r Qy ��Q� (L�e	������� r� 	��D w xOw� Tmv�q sQi x� � 	��D xm CU� u�� pO�at pwmr��w��Q

�OW�� �OLt �C�Ft w C��F
w x��Q� x� �Ovvm�t jOY �
� w �	� ���QW QO xm ���yxQ�t� Tqm �wJQ�J QO xr�kt u�� QO
QO CU� �y�O� �s� R�OQB�t $ � ln� �X�� � �tD� Q�or ���N CLD ���	� �x��k s�taD C��F�
C��F� u�vJty �CU� ��� �QW �Q�QkQ� pO�at ��� Q��v�W �yQoOQw�Q� R� Tqm u�� �wJQ�J

�OwW�t Q�vhQY u� Q�QmD R� wQ u�� R� CU� x��Wt $ � � ln� �X�� � Cr�L QO x��k u��
	��D OQw�Q� �tD� Q�or ���N 	��D $ 	 $��X � ��� � ln� �X�� � s�vm�t ZQi ��	� x��k
�O�m � ��ivt�v 	��D l� � 
 � �
 � R�v w CU� �X QoOQw�Q� �xr�Uw x� �� �C�Ft� �QDt�Q�B
�Qw�� (W ��X � ��� � ��$� s�yO Q�Qk Qo � �CU� Q�PBjDWt xDUw�B Qw�� Q�� wO w �OLt
CiH �UwD pwmr��w��Q �QW uOW xOQw�Q� ��Q� �i�m w sRq �QW l� x�ov� ����� � � xm

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

�OW�� Q� R sQi x� � 	��D xm CU� u�� �L�W � 	��wD

��$� � bfea� � a$� 	g
(Qo�O CQ��a x� ��

W ��X � ��� � b

�
�
�X
��

�a � a ln�
�X
��

�� 	
�

�CU� �OLt L�e	
������� r� 	��D �C�Ft w C��F r Qy ��Q� w b � �� a � �	 u� QO xm

��	� C��F�
h� QaD Q� R sQi x� �Q �y	� RwD R� ��xO�wv�N �X � fx�� x�� x�g ���i �wQ Qo � �sRq �QW

�s�vm

p��x� 	 P�fX � xg �

� �
� sin

� � 	x � x�� x�
cos� � 	x � x�

	 
� � ������

��� CU� Q��Q� �y	� RwD R� xO�wv�N u�� ��Q� �p�t�v�t� xOvU� �xQ�t� x�ov�

T 	 T �X� �
n

s� 	X � x�� x�
s� 	X � x�

�OvDU�v sy Q��Q� s�� s� � � u� QO xm
�s� Q�o�t Q�v QO Q� R sQi x� �Q �X x�wNrO QoOQw�Q� �uwvm �

�X �

�
d� 	X � x�
d� 	X � x�
d� 	X � x�

�	��

�OvDUy x�wNrO Q�O�kt d�� d�� d� � �� u� QO xm
�X xm �Qw�� OQ�O OwHw �� ��Dm� �QDt�Q�B 	��D ����	� sr �Q�oQ�m� �� (CQwY u�� QO
�x��B Q�� �� ��Q� Qo�O �� Q��v�W QoOQw�Q� l� (��T u�vJty �OW�� u� �� Q��v�W QoOQw�Q�
�pwmr��w��Q �QW uOW xOQw�Q� h� QaD j��� �s� Q�o�t Q�vQO Q� R sQi x� �Q �T �xOvU� �xQ�t�

�OQ�O OwHw �QoOQw�Q� u�vJ

��T �
n

t� 	T � s�
t� 	T � s�

�	
�

�� Q��v�W QoOQw�Q� �X Qo � ����	� sr x� xHwD �� �OvDU�v sy Q��Q� Q�O�kt t�� t� � �� u� QO xm
x�ov� �OW�� ��

E��
�

���
W ��X � ���� � E��� 	

��
���ln�

�X
��

���

� � 	 
� � ������

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��

	
�

�
���ln�

d�
��

�� � ���ln�
d�
��

��

�
sin� � � ���ln�

d�
��

�� cos� � � � �	
�

x�ov� �OW�� ��T �� Q��v�W QoOQw�Q� �� �QDt�Q�B 	��D �� Qo � ���DQD u�ty x�

���ln�
t�
��

�� sin� � � ���ln�
t�
��

�� cos� � � � 	 
� � ������ �	��

s� Q�O ��	�� w �	
� �w�UD wO QO � � � uO�O Q�Qk ��

���ln�
d�
�	

�� � � � �	 � d�

���ln�
t�
�	

�� � � � �	 � t�

s� Q�O ��	�� w �	
� �w�UD wO QO ��DQD x� Q�O�kt u�� �Q�Po��H ��

	
�

�
���ln�

d�
��

�� � ���ln�
d�
��

��

�
sin� � � ����ln�

�	
��

�� cos� �

w
���ln�

t�
��

�� sin� � � ����ln�
�	
��

�� cos� �

xm OwW�t xH�Dv Q�N� �w�UD wO �xU��kt R�

���ln�
t�
��

�� �
	
�

�
���ln�

d�
��

�� � ���ln�
d�
��

��

�
�	��

s� Q�O ��	�� �w�UD u�iQ� R� ��� x� C�Uv� �Q�ojDWt ��

����ln�
t�
��

�� �
	
�

�
����ln�

d�
��

�� � ����ln�
d�
��

��

�
�	��

s� Q�O ��	�� w �	�� �w�UD wO QO � � � uO�O Q�Qk �� w

���ln�
t�
�	

�� �
	
�

�
���ln�

d�
�	

�� � ���ln�
d�
�	

��

�
�	��

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

w

����ln�
t�
�	

�� �
	
�

�
����ln�

d�
�	

�� � ����ln�
d�
�	

��

�
�	��

xm OwW�t xH�Dv �	�� �w�UD R� �y 	 ���ln� t��� �� �s�yO Q�Qk Q�YDN� CyH Qo �

���ln�
d�
�	

�� � �y � ���ln�
d�
�	

��

��
���ln�

d�
�	

�� � �y � ���ln�
d�
�	

��

wQ u�� R� �CU� Q�PBTwmat xH�Dv QO w �wvm� �O�m � �� TB CU� �OLt �O�m � � 	��D uwJ

ln�
t�
�	

� � ���� �y�

w

ln�
d�
�	

� � ����
�

�y � ���ln�
d�
�	

��

�
�� ln�

d�
�	

� � ����
�

�y � ���ln�
d�
�	

��

�
s� Q�O ��	�� �w�UD QO jwi Q�O�kt �Q�Po��H ��

����ln�
t�
�	

�� � ��� � �����y�

�
	
�

�
��� � ������y � ���ln�

d�
�	

��� � ��� � ������y � ���ln�
d�
�	

���

�
�va� (CU� ��N ��� � ������� 	��D sQi xm O�O u�Wv u�wD�t �DL�Q�

��� � �����y� � Ay �B

Qo�O CQ��a x�
����y� � A���y� �B

�Q jwi �r�Uv�Qi�O �xrO�at xm � 	��D �!�" 	HQt R�v w � 	��D OQwt QO x��k C���Qi x� xHwD ��
�CU� Q� R sQi x� �OR�U�t xOQw�Q�

��y� � bfeay � ay � 	g 	 b � �� a � �	

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�s� Qw��t CUO� �Q W 	��D �wr�t sQi x�ov� �OQ�o Q�Qk ln� �X�� � Q�Okt y ��H� jwi 	��wD QO Qo �
	��D xm s�yO�t u�Wv w CU� Tmv�q u�� R 	��D sQi x� � 	��D s�vm�t ZQi uwvm �

�CU� �OLt �C�Ft w C��F r Qy ��Q� (L�e	������� r�

��� �QDt�Q�B 	��D x�wNrO �� Q��v �W QoOQw�Q� l� (�	�� sQi u�ty x� �Q �X �Qw�vt u�O�
�s� Q�o�t Q�v QO

CQwY u�� QO

E���
��ln�

�X
��

��� � � �� E���
a
X � � �a� 	 
� � ������ ����

�	
� sQi u�ty x� �T �xOvU� �xQ�t� �x��B Q� �� �� Q��v�W QoOQw�Q� l� (��T Qo � u�vJty
s� Q�O ����� �w�UD x� xHwD �� x�ov� �OW��

�a� � E���
a
X �

� E���
�a
T � 	 
� � ������

Qo�O CQ��a x�

�a� �
	
��d

a
� � da�� sin

� � � da� cos
� �

� ta� sin
� � � ta� cos

� � 	 
� � ������ ��	�

u��Q��v�

t� � �
da� � da�

� �
�
a � t� � d� ����

(CU� Q�QkQ� ��� �QW ��L�W � CiH �UwD pwmr��w��Q �QW uOW xOQw�Q� x� xHwD �� (�iQ� R�
�va�

E��L��X � ���� � E��L��
�
T � ����

��
�
� �L�d�� ��� � L�d�� ���� sin

� � � L�d�� ��� cos
� � � L�t�� ��� sin

� � � L�t�� ��� cos
� �

s� Q�O ����� x���Q x� xHwD �� (u��Q��v�

	
� �L�d�� ��� � L�d�� ���� � L��

da� � da�
� �

�
a � ���

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

s� Q�O ���	� �w�UD w Q�N� �w�Ut�v QO � � � uO�O Q�Qk �� (p�L
�	 � d�

w
	
� �L�d�� d�� � L�d�� d��� � L��

da� � da�
� �

�
a � d��

�CU� �C�Ft w C��F r Qy ��Q� (L�e	������� r� uOw� �OLt Qov��� �w�Ut�v u�� xm
CU� �b � � w a � �	� Tmv�q u�� R 	��D sQi x� � 	��D xmv�� ZQi �� uwvm � ��i�m �QW
�L�W � CiH s�vm�t C��F �CU� �OLt �C�Ft w C��F r Qy ��Q� (L�e	������� r� 	��D R�v w

�OR�U�t xOQw�Q� �Q pwmr��w��Q �QW
uwJty ��xQ�t� OwHw �s� Q�o� Q�v QO �� �QDt�Q�B 	��D �� Q��v �W QoOQw�Q� l� �Q �X Qo �
�QDt�Q�B 	��D �� Q��v�W QoOQw�Q� xm �Qw�� �s�yO�t u�Wv �Q T �xOvU� �xQ�t� �x��B Q� ��T

�Ovm jOY ��� �QW QO w OW�� ��
�va� (CU� �� �� Q��v�W QoOQw�Q� l� �X �xQ�t� s�vm�t ZQi ����	� p�Ft x� xHwD ��

E���
a
X � sup

���c��

�
a�a� 	�

��� � c�a��

�
	 � 	 
� � %

w
sup

���c��

� �a

��� � c��

�
	 � 	 
� � %

u�vJty

E�

�
�

���
W ��X � ���

�
� � �� E���

a
X � � �a� 	 
� � %

s�yO Q�Qk Qo � �CQwY u�� QO

��T � e	
����E�	��ln��X ��jT �

� fE��aX jT �g
�
a

x�ov�

E� ��
�a
T � sup

���c��

�
a�a� 	�

��� � c�a��

�
� E�E ��aX jT � sup

���c��

�
a�a� 	�

��� � c�a��

�
� E� ��

a
X � sup

���c��

�
a�a� 	�

��� � c�a��

�
	 � 	 
� � %

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�Ovm�t jOY �	� �QW QO ��T ��va�
u�vJty

E���
�a
T � � E�E��aX jT �

� E���
a
X �

� �a� �� E�

�
�

���
W ��X � ���

�
� � 	 
� � %

�xOvU� �xQ�t� �x��B Q� �� �� Q��v�W QoOQw�Q�l�TB �Ovm�t jOY ��� �QW QO ��T ��va�
�uUvH �w�Ut�v w L�e	������� r� 	��D uOw� �OLt x� xHwD �� (u��Q� xwqa �OQ�O OwHw �T

s� Q�O

E��L��X � ���� � E�L�e	
����	��ln��X ��� ����

� E��L�e
	����E�	��ln��X ��jT �� ����

� E�

h
L�fE��aX jT �g

�
a � ���

i
� E��L��

�
T � ���� 	 
� � %

xOQw�Q� �L�W � CiH �UwD pwmr��w��Q �QW TB �Ovm�t jOY ��� �QW QO ��T ��va�
�OwW�t

l� � 
 � �
 � u� QO xm W ��X � ��� � ��ln� �X�� �� s�vm�t ZQi ��	� xH�Dv
�X w ���� � � xm �Qw�� CU� Q�PBjDWt xDUw�B Qw�� Q�� wO w �OLt �O�m � ��ivt�v 	��D
�i�m w sRq �QW l� CQwY u�� QO �CU� �� �QDt�Q�B 	��D ��Q� �� Q��v�W QoOQw�Q� l�
�xQ�t� �x��B Q�� �� ��Q� �� Q��v �W QoOQw�Q� l� (��T � e	

����E�	��ln��X ��jT � xmv�� ��Q�
T��kt QDt�Q�B ��� Tmv�q u�� R 	��D sQi x� � 	��D xm CU� u�� OW�� xDW�O OwHw ��T �xOvU�

�Ovm�t jOY Q� R �w�UD wO QO ��T QoOQw�Q� CQwY u�� QO xm OW�� �l� �ivt R� QDW���v

��T � fE��aX jT �g
�
a � E���

�a
T � � E���

a
X � � �a� 	 
� � %

��Uv ���N CLD xm OyO�t u�Wv ��	�
� �x��k R� �OQ� Q�m �x��Q� Q� xwqa (�
�
� p�Ft
(Qo�O CQ��a x� �CU�v s�taD p��k ���	� �x��k �$��X � ��� �

�X
��

� 	 �va� (OQw�Q�
�OwW�tv xOQw�Q� pwmr��w��Q �QW �xDi�� s�taD Tmv�q u�� R 	��D CLD

Tmv�q u�� R sQi x� �Q QoOQw�Q� u�� u�� R 	��D w �� ��Q� x�wNrO QoOQw�Q� l� �X Qo � ��	� p�Ft
�va� (OW�� xDi�� s�taD

W ��X � ��� � b

�
e
a�

�X
��
��� � a�

�X
��

� 	�� 	
�

� b

�
ea�e

ln�
�X
��

���� � a�e
ln�

�X
��

� � 	�� 	
�

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

�CU� Q� R sQi x� ���� 	��D u� QO xm �W ��X � ��� � ��ln� �X�� �� x�ov�

��$� � b
n
ea�e

���� � a�e� � 	�� 	
o

sQi x� Qo�O CQ��a x� �� Tmv�q sQi x� ���� 	��D uwJ (u� �xH�Dv w �	�
� �x��k x� xHwD ��
Qo � u�vJty �OwW�tv xOQw�Q� �L�W �CiH �UwD pwmr��w��Q �QW wQ u�� R� �CU�v Tmv�q
�xOvU� �xQ�t� �x��B Q� �� �� Q��v�W QoOQw�Q� x�ov� �OW�� �� �� Q��v �W QoOQw�Q� l� �X

�CU�v pwYL p��k T

Tmv�q u�� R ���D CLD ��� Q��v w R�� s�y�it ���DQ� 


OQwt xQ�wty �R�� w ��� Q��v s�y�it ���DQ� �rm Qw� x� w R�� w �� Q��v ��yQoOQw�Q� l �QDW� xHw
QO �Q V� wN �wr�t ��y�oS� w xm u�U�vWQ�t� R� �NQ� �iQ� R� �CU� xOw� u�U�vWQ�t� EL�
u�OvJ �Qo�O �NQ� w OvyO�tv �y� �R�� ��yQoOQw�Q� VRQ� x� u�OvJ �Ov�xDi�� ��� Q��v swyit
u�� Q� u�U�vWQ�t� u�� lQDWt �xO�ka Cio u�wD�t wQ u�� R� �OvQ�Ov �Q�m ��� Q��v swyit ��
�UwD ��tUQ �w�wt u�� �OQ�Ov OwHw �R�� w ��� Q��v s�y�it u�� �mQDWt �oS� w xm CU�
xm Ov�xO�O u�Wv �yv� xm ��DQD u�O� �CU� xOW xO�O u�Wv !	" �	��
� � l�WQ�o w pwmr�
p��Ut QO u� uOW xOQw�Q� xm ��QW (CU� QiY R�� w �� Q��v QoOQw�Q� l� �R�� �xQ��Nt 	��D

�CU� umtt Q�e �s�tYD pwtat
u�� R 	��D CLD �Q �R�� w ��� Q��v s�y�it ���DQ� !�" 	��
 p�U QO � uO�t w �Jwr� Qwv
x� ��yv� �xr�kt QO xDiQ Q�m x� �xO�� x� xHwD �� VN� u�� QO �OvO�O Q�Qk �UQQ� OQwt ��N 	� Qt

�s� R�OQB�t Tmv�q u�� R 	��D CLD �R�� w ��� Q��v s�y�it ���DQ� �UQQ�
u�� R 	��D CLD (�� �QDt�Q�B 	��D �X QoOQw�Q� �R�� �xQ��Nt 	��D w u�UB u�� R �UwDt

��� Ov�Q��Q� ��DQD x� �� u�W�B 	� RwD w Tmv�q

R
��x� ��� �

Z
	
L��x� �����jx� d����

� bEx

h
ea��x���� � a��x � ���� 	

i
R��X � ��� �� � Ef �R
��X � ����

�

Z �

��
R
��x� ��f�x�dx

�� Blackwell � Girshick �� Meeden

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

xm u�� x� xHwD ��

��

���x
R
��x� ��� � bEx

h
a�ea��x����

i
� �

�O���t CUO x� Q� R �xrO�at pL R� �� u�W�B 	� RwD x� C�Uv �
X R�� �xOa�k

�

��x
R
��x� ���

��
�x���x � �

CLD w � u�W�B 	� RwD x� C�Uv �� R�� �xOa�k �jwi �xrO�at R� xm OwW�t j�kLD �oO�U x�
��� CU� Q��Q� �OW�� xDW�O OwHw EX �e�a�� � xmu� �QW x�� Tmv�q u�� R 	��D

�
X � �	
a
ln
�
EX �e�a�� �

�
� �	

a
ln

�Z
	
e�a�����jX� d����

�
��
�

xO�U Q� R sQi x� ��DQD x� �
X �R�� �xQ��Nt 	��D w u�UB u�� R �UwDt �CQwY u�� QO
�OvwW�t

R
��


X � ��� � bEX

h
ea��

�
X���� � a��
X � ���� 	

i
� b ln

�
EX �e�a�� �

�
� abEX ����

w

R��
X � ��� �� � Ef �R
��


X � ����

� bEf

�
ln�EX �e�a�� ��

�
� abE
����

u�O� (CU� Z� waD p��k � w X Vkv xm OyO�t u�Wv ��
� w �
� ��y� w�UD �xU��kt
�w�UD x�ov� �OW�� swrat�v w xOy�Wt p��k Q�e �D�tm X w xOy�Wt p��k �D�tm � Qo � xm �vat
(�� �QDt�Q�B 	��D ��Q� �
X uOw� R�� R�v w �
X �xOa�k ��Q� �� ��� Q��v�Tmv�q Qov��� ��
�
��� Q��v Qov��� �
� �w�UD ��iQ� R� �CU� Tmv�q u�� R 	��D CLD w � u�W�B 	� RwD x� C�Uv
u�� R 	��D CLD w f u�W�B 	� RwD x� C�Uv (�X QoOQw�Q� ��Q� �� uOw� R�� R�v w �� ��Q� �X

�CU� Tmv�q
�CU� �X �xOa�k ��Q� �� uOw� R�� pO�at �� �QDt�Q�B 	��D ��Q� �X ��� Q��v �u��Q��v�
Z� waD �� �Qo�O �DQ��a x� �CU� �X ��Q� �� ��� Q��v pO�at �� ��Q� �X uOw� R�� u�vJty

�CU� R�� swyit pO�at ��� Q��v swyit � w X Vkv

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

��xvwo x� O�O x��Q� �� Q��v ��yQoOQw�Q� OQwt QO �QD�rm h� QaD u�wD�t xDmv u�� R� xO�iDU� ��
�OW�� h� QaD u�� R� �Y�N Cr�L �yvD ��� Q��v R� utyr s�a h� QaD xm

�xQ �� N t 	 �� D � � x�w N rO u� � R 	 �� D l � L��� �� Q o � ��	� h � Q a D
�� u � W � B 	 � Rw D x � C � U v �Q �X x� ou� �O W� � R��� �	�� � E
E��L��� ��� �R��

Qo � �s�� wo�t �� �QDt�Q�B 	��D �� Q��v�L QoOQw�Q�
R��X � ��	�� � inf

r�
R��X � r�	��

xm CU� u�� �� w X Vkv Z� waD R� TB (�R�� w ��� Q��v s�y�it ���DQ� ��yOt��B R� �m�
(xt�O� QO �TmaQ� w Owtv KQ�t R�v R�� s�y�it OQwt QO u�wD�t �Q ��� Q��v s�y�it �����k Q��v

�OwW�t xQ�W� ����k u�� R� ��xvwtv x� �x�Dwm ��xtOkt u��� R� TB
�QDt�Q�B 	��D ��Q� �
X R�� �xOa�k uDi�� ��R�� s�tYD QO xkqa OQwt w KQ�t p��Ut R� �m�
�xv�tR u�� QO Qo�O �xr
Ut �CU� Tmv�q u�� R 	��D CLD w � u�W�B 	� RwD x� C�Uv (��
� u�W�B x� C�Uv u� R�� �xOa�k ��X x�wNrO �xQ�t� xm ��xvwo x� CU� �� �QDt�Q�B 	��D uDi��

�OyO�t x��Q� xr
Ut u�� x� �NU�B Q� R �x��k �OW�� Tmv�q u�� R 	��D CLD w
�OW�� Q� R sQi x� �r�oJ 	��D ��Q�O X xm u�� ZQi �� ��	� x��k

f�xj�� �
�

���e�xh�x� 	x 	 �
� 	��kvQ��U � � % � �����

x� �x 	 ��x� 	��D �� 	��D l� ��Q� Qo � �OW�� xDUw�B �H xty w � u�W�B �r�oJ 	��D � R�v w
�OW�� Q��DN� QO Q� R sQi

�x � �	
a
ln

�Z �

	
e�x���� d�

�
	 
x 	 �

�CU� Q� R �QDt�Q�B 	��D R�� �xOa�k �� u�W�B w Tmv�q u�� R 	��D CLD (�X x�ov�

�� � �	
a
ln

�R �
	 ��� � t�
�t���t� dt

����
���

�

	��D CLD w � u�W�B x� C�Uv (�� R�� �xOa�k �X Qo � OW xQ�W� xm xvwov�ty ��	� C��F�
x�ov� �OW�� Tmv�q u�� R

�x � �	
a
ln

�Z �

	
e�a�����jx� d�

�
� �	

a
ln

�R�
	 e�a��e�x
������� d�R�

	 e�x
������� d�

�
	 
x 	 � ��
�

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� CU� pO�at ��
� �w�UD ��x h� QaD x� xHwD ��Z �

	
e�xe�a��
������� d� �

�Z �

	
e�x���� d�

��Z �

	
e�x
������� d�

�
�

Z �

	
e�x
�Z �

	
��� � t�
�t���t� dt

�
d�

s� Q�O �TqBq Cq�O�D ���Dm� x� xHwD �� (u��Q��v�

e�a��
������� �
Z �

	
��� � t�
�t���t� dt

��
�� � �	

a
ln

�R �
	 ��� � t�
�t���t� dt

����
���

�
�

p�O�D ea�� Qo � �Owtv �U� wvR�� ��� Q��v u�� R x� �Q ���
� �x��k u�wD�t �oO�U x�
Qo�O CQ��a x� �� (OwW ZQi ����� �wQ ���� Ovv�t �a��D TqBq

�� �
	
a
ln

�Z �

	
e�x��x� dx

�
	 
� � �

��� CU� Q��Q� �� ��Q� �Dm� �� Q��v�Tmv�q QoOQw�Q� x�ov�

�X �
	
a
ln

�R X
	 ��X � t�h�t� dt

h�X�

�

l� �R�� �xQ��Nt 	��D ����QW xJ CLD xm s�yO�t u�Wv �x��k l� �x��Q� �� (xt�O� QO
�CU� QiY �� Q��Q� Tmv�q u�� R 	��D CLD �QoOQw�Q�

Tmv�q �QW QO xm ��xvwo x� OW�� �� �� Q��v�Tmv�q QoOQw�Q� l� �X Qo � ��	� x��k
�w�UD QO �va� (OW�� �� R�� �xOa�k l� � u�W�B 	� RwD x� C�Uv w Ovm jOY �
� �� Q��v

�va� (CU� QiY �� Q��Q� �X �R�� �xQ��Nt 	��D x�ov� �Ovm jOY ��
�

R��X � ��	�� � �
��� CU� Q��Q� �X Tmv�q �xQ��Nt 	��D ��
�	� �xH�Dv x� xHwD �� ��	� C��F�

R��X � ��� � E�

h
ea��X���� � a��X � ���� 	

i
� �aE���X � ���

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

s� Q�O ���
� �w�UD x� xHwD �� (u�vJty

�X � �	
a
ln
�
EX �e�a�� �

�
xO�U Q� R CQwY x� �R�� �xQ��Nt 	��D �� ln 	��D uOw� �OLt w Q�N� �w�UD wO x� xHwD ��

�OwW�t
R��X � ��	�� � E
�R��X � ����

� �aE
E���X � ���

� �aE
E�

�
�	
a
ln�EX �e�a�� ��� ��

�
� E
E�

�
ln�EX �e�a�� ��

�
� aE
����

� E


�
ln�E�EX �e�a�� ��

�
� aE
����

� �aE
���� � aE
����

� �
� �OW�� QiY �DU��� �R�� �xQ��Nt 	��D u��Q��v�

�� (OW�� P��� uwU�wB 	� RwD R� �iO�YD �xvwtv l� X��X�� � � � �Xn Qo � ��	� p�Ft
�va� (CU� �t�o sQi x� R�v � u�UB 	� RwD �G��� 
� u�W�B 	� RwD ZQi

�jx � G��x� 
 � n�

�OvDUy swrat Q�O�kt �� 
 w �x � ��
Pn

i�� xi u� QO xm
�a � �
�n�QW x��Tmv�q u�� R 	��DCLD w ���� x�C�Uv � �R�� QoOQw�Q� �u��Q��v�

��� CU� Q��Q�

��B � �	
a
ln
h
EX �e�a��

i
� ��X

a
ln

�

 � n


 � n� a

�
R�Ht �Tmv�q u�� R 	��D CLD QoOQw�Q� u�� xm Cio u�wD�t ���

B
uOw� R�� w ���Dm� x� xHwD ��

�CU�
�q���� w u�W�B 	� RwD x� G��� 
� u�W�B 	� RwD �QiY l�ORv Q�O�kt x� �� 
 p��tD ��

�va� (CU� �t�o sQi x� u�UB 	� RwD �rw �OOQo�t p��tDt ���� � �
�

�jx � G�
nX
i��

xi� n�

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ��

x�� Tmv�q u�� R 	��D CLD w ���� u�W�B 	� RwD x� C�Uv � �xDi�� s�taD R�� QoOQw�Q� �u��Q��v�
��� CU� Q��Q� �a � �n �QW

��
GB

� �	
a
ln�EX �e�a���

� � � � �
Pn

i�� Xi

a
ln
ha
n
� 	
i

Tmv�q �QW QO xm ��xvwo x� CU� � ��Q� �� Q��v �Tmv�q QoOQw�Q� l� u�vJty ��
GB

QoOQw�Q�
�t� �Ovm�t jOY �
� �� Q��v

R���GB � �� � E�

h
ea�


�
GB

��� � a���GB � ��� 	
i

� a�� n� ln
ha
n
� 	
i
�� �

QoOQw�Q� �xOW xO�O u�W�B 	� RwD Qy ��Q� ��GB QoOQw�Q� xm Cio u�wD�t ��
�
� �x��k j�� TB
�CU�v � R��

�H�Qt

��� Blackwell� D�� and Girshick� M�A�� Theory of games and statistical
decisions�� John Wiley � New York� �����

��� Klebanov� L�B� ������� Unbiased estimators and Su�cient statis�
tics� Theory Prob� Applications ��� �� �pp� ��������

��� Klebanov� L�B� ������� A general de#nition of unbiasedness� The�
ory Probab� Applications� �� ���������

��� Lehmann� E�L� ������� A general concept of unbiasedness� Ann�
Math�Statist� ��� ���������

��� Noorbaloochi� S�� and Meeden� G� ������ � Unbiasedness as the
dual of being bayes�� JASA� Theory and Methods section� Vol� ���
No� ���� pp� ��������

�swU A�J �l�DtDt Q�Ri�sQv �iQat �� x�Qty p�Uv�Qi�O CqO�at �	
��� � ��Q��� !�"
�u�yiY� �DavY x�oWv�O

www.SID.ir

