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�R�i ��yxawtHt �UwD Qki �Oa� OvJ p�rLD

�v�OQt�ra xk�OY �xyOQ� O�tL

�a�tDH� Qwt� w Q�m CQ�Rw

x� xHwD �� �OvDUy xH�wt u� �� 	t�wH QFm � xm CU� ��xr�Ut w xO�J�B ��xO�OB Qki �xO�mJ
Q�R�� �O�rm ��yYN�W R� �m� u�wva� �Q Qki Q�m �v�yH u�tR�U �Q�m Q�R�� CqwLD QO Qki C�ty�
xDWPo u��r�U ��QO �CU� xO�O Q�Qk O�m �D OQwt �Q u� x� QDW�� xHwD swRr w xOwtv �iQat Q�m
xt�O� QD�U�vt ��yVwQ uDi�� ��Q� VqD w xDiQ Q�m� Qki �Q�oxR�Ov� ��Q� �irDNt ��yVwQ
XN�W ���� RQ� �� �Q O�Qi� C�a�w�qwtat Qki �Q�oxR�Ov� ��Q� xOW ��O�� �DvU ��yVwQ �OQ�O
����y�DU�m ��Q�O �Q�oxR�Ov� ��yVwQ u�� �Ov��tv�t u��aD �xv� Ry �� Ot�QO Ovv�t ��OL�w
�wv u�� x� �w� Qt ��yD�OwOLt p�rO� �OvW���t �Q�PBh��av� sOa w uOw� �Oa� lD Ovv�t
C� Rt �OvR�OQB�t Qki R� �irDNt ��yx�vH x� xm OvOW KQ�t �Oa� OvJ ��yVwQ �Q�oxR�Ov�
OQwt �Q O�Qi� ��yxv� Ry u�R�t �� �Ot�QO 	�w �ki xm CU� u� Qki �Oa� OvJ p�rLD xOta
w �y�iQ Cq�yUD R� �Q�OQwNQ� Ovv�t �u�v� �oOvR R� �Qo�O ���QW xmr� OyO�tv Q�Qk �UQQ�
Qki �Q�oxR�Ov� VwQ w h� QaD xQ�� QO xmv�� OwHw �� �OyO�t Q�Qk Q�vOt R�v �Q �ov�N C�twRrt
�twta ji�wD OQwt x�iQ x� Qki C�a�w R� QPo uOw� �H� QOD �t� OQ�Ov OwHw �rt�m Q�v j�iD�
xO�iDU� ��yv� u�� QO Qki hrDNt C�HQO R�v w xat�H O�Qi� �oOvR QO �H� QOD QPo u�� �OW���t
�OyO�t xwrH QD�Q�m Qki �Q�oxR�Ov� QO �Q �rwtat ��yxawtHt ��H� �R�i ��yxawtHt swyit R�
j�kO ��D�P xm �t�y�it �R�UpOt ��Q� xm � �R�i ��yxawtHt x� Q�v ����Rt R� �m� Ck�kL QO
O�Qi� R� ��xat�H ��v�t Q� �Oa� lD ��yVwQ Ov�wD�t xm CU� u� �OW���t QD�U�vt OvDU�v
hrDNt C�HQO �� O�Qi� R� ��xat�H ��v�t Q� �Oa� OvJ ��yVwQ x� �Q Q�ki Q�e �qt�m w Q�ki �qt�m
w Qki �R�i XN�W R� xO�iDU� �� QwWm Qki C�a�w �UQQ� xr�kt u�� hOy �OyO jwU Qki
�QH� u�Q�� Q�t� RmQt �UwD xm Q�wv�N Ot�QO w xv� Ry R� �Q�oQ�t� KQ� �UwD xOW sy�Qi ��yxO�O
� �QyW CQwY� �yxU��kt w xOw� 	
�� p�U x� �w� Qt Q�v OQwt ��yxO�O �OW���t OOQo�t

�CU� xDiQo CQwY p�k ��yr�U x� xHwD �� w ���DUwQ

Qki �R�i XN�W �C� w�a 	��D ��R�i ��yxawtHt �Qki �N �Qki ��O�rm ��yxS�w

xtOkt �
Qki C�ty� x� xHwD �� �OvDUy xH�wt u� �� 	t�wH QFm � xm CU� ��xr�Ut w xO�J�B ��xO�OB Qki
�iQat Q�m Q�R�� �O�rm ��yYN�W R� �m� u�wva� �Q Qki Q�m �v�yH u�tR�U �Q�m Q�R�� CqwLD QO
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��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

	t�wH ���Q�O w CwQF xmv�� OwHw �� �CU� xO�O Q�Qk O�m �D OQwt �Q u� x� QDW�� xHwD swRr w xOwtv
Qki Rwvy Ovvm�t CmQL uOW �DavY CyH QO �yQwWm w CU� V��Ri� p�L QO sw�Ot CQwY�
�Q��U� xHwD xO�OB u�� �	t�wH u�� QO Qki sw�Ot Qw�L p�rO� �OQ�O OwHw �yQwWm R� �Q��U� QO
uwvm � �CU� xOwtv �rH OwN� �Q �a�tDH� swra u�OvtWv�O w u�v�OO�YDk� �u�Q�OtCU��U R�
xOW p�O�D �a�tDH� w �O�YDk� xaUwD ��yxt�vQ� R� �Q��U� ��QH� QO s�o u�rw� x� Qki Vy�m
Ot�QO 	� RwD QO �Q��Q� w �O�YDk� OWQ V��Ri� Qw�vt� OwHwt 	��vt j�irD �� �v�yH �a�tH� w
QO �Q u�OQtDrwO Ov�wD�t Qki K�LY �Q�oxR�Ov� �O��tv�t �r� �Q Qki pt�m hPL CyH QO
�� QO �OyO �Q�� u� �� xRQ��t Qw�vt� �Q�os�tYD w �R� Qxt�vQ� w Qki xQDUo w swyit QDy� lQO
xDiQo CQwY Qki �Q�oxR�Ov� ��Q� �U�vt �WwQ uDi�� Qw�vt� �v�w�Qi ��yWqD xDWPo xyO OvJ
O�Qi� xQ�� QO �D�aq�� uOwtv sy�Qi w OW���t �Q�oxR�Ov� x� wQ QO s�o u�rw� Qki h� QaD �CU�
VwQ x� xHwD�� pL�Qt u�� �� R� Oa� �OW���t �Oa� s�o �UQQ� OQwt �xat�H ��yQ�wv�N ��

�OOQo�t xYqN �OOa �YN�W QO OwHwt C�aq�� xDiQ Q�m� �r�rLD
h� QaD �Q u� u�wD�tv �oO�U� xm CU� xO�J�B ��xO�OB w C���O� QO OQ� Q�m QB ��xS�w Qki
CU� �Q�wv�N ��� OQi ��yOt�QO K�U �� ���DQ� QO Qki xtrm swyit Cio u�wD�tv �DUQO� �Owtv
��O�YDk� Qki Ovv�t �irDNt ��yCQwY� xS�w u�� ��a�tDH� C�tON x� �UQDUO QO �v�wD�v ��
�tm �Ot�QO Ow�tm Ovv�t �D�Lq�Y� w OwQ�t Q�m� xat�H QO �U��U w �ovyQi ��a�tDH�
QO ���v�wD sOa ��Q�PB��U� �x�iQ OwHw sOa ��a�tDH� ��yC�twQLt ��oDi��v xaUwD �hQYt
l� �OvwW�t xO�t�v Qki �oOvR �QwQ� ��yR��v 	iQ QO ���v�wD sOa w xO�wv�N V�at u�t�D
xDiQo Q�v QO �oOvR �QwQ� ��yR��v u�t�D sOa �va� �u� jr�t swyit x� Qki h� QaD VwQ
x� xHwD �� �oOvR �QwQ� ��yR��v p�rLD u�� QO �	��� �RD�w �	��� ��mUv�WQ�� OwW�t
C�a�w xU��kt Qki h� QaD QO Qo�O VwQ �O����t Q��eD �v�tR C�akwt w xat�H CwQF u�R�t
OW���t Q�v OQwt x�L�v �� QwWm QO w u�at �v�tR QO �oOvR pw�ODt ��yOQ�Ov�DU� �� OQi Qy
xR�H� O�Qi� x� xm OQ�O OwHw R�v �Qo�O VwQ ��	��� �OvUuw�D�OwW�t xO�t�v ��Uv Qki xm
w �CQ�yOwo �OwW�t xO�t�v �vyP swyit x� Qki xm Ovvm ���� RQ� u�WOwN �Q Qki 	�w OyO�t
uOwtv sy�Qi ���v�wD �rra Q� �v� xm O�t�v Q�ki �Q �OQi u�wD�t �wtHt QO ��	��� u�Q�mty
�� CQwY u�� QO �OW�� xDW�Ov �Q Vv�oDU��w w OwN ��Q� xDU��W �oOvR l� ��yOQ�Ov�DU�

�Owtv �Q�oxR�Ov� �Q xat�H Qki u�R�t u�wD�t xDU��W �oOvR ��yXN�W u��aD
�R�i ��yxawtHt x� Q�v �UwD Qki �Q�oxR�Ov� �� ���DQ� QO u� wv �WwQ x��Q� xr�kt u�� hOy
KQW Qki �Q�oxR�Ov� hrDNt ��yVwQ � VN� QO �OW���t CU� xOW xO�O xaUwD ��Q�N� xm
�Q�oxR�Ov� VwQ VN� u�� QO u�vJty �OOQo�t �UQQ� s�Om Qy ����Rt w ���at w OwW�t xO�O
x� xHwD �� QwWm Qki C�a�w 
 VN� QO �OwW�t xO�O �U� �R�i ��yxawtHt T�U� Q�
p�rLD w x� RHD �Qki �R�i XN�W �UwD u�R� p�k p�U wO w 	
�� p�U QO OwHwt ��yxO�O
�� Orshanski �� Watts �� Townsend �� Geodhart �� Fuzzy Index of
Poverty
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�CU� xOW xOQw� 
 VN� QO R�v EL� �Q�oxH�Dv �OOQo�t

Qki �Q�o xR�Ov� ��yVwQ �

��� OQi l� Qki C�a�w xm OvmQDWt xDmv u�� QO �U�U� ��yCw�iD OwHw �� Qki u��aD ��yVwQ
x� Q�ki CQwY u��QO �Ovvm�t ���� RQ� �Ot�QO �� xv� Ry Ovv�t ��OL�w XN�W �UwD �Q �Q�wv�N
xO�t�v Qki �N xm ��v�at OL R� QDtm �yv� xv� Ry �� Ot�QO xm OOQo�t jq�� ���yQ�wv�N �� O�Qi�
�xOvvm Tmavt �ki XN�W Qy Ck�kLQO �OW���t ����at ��Q�O x� wQ u�� �OW�� OwW�t
u��Q� ZQi OwQ Q�m� ���� RQ� XN�W u�wva� Ot�QO Qo � p�Ft u�wva� �OW���t Qki R� �Y�N x�vH
�ovwoJ w OOQo�t xv� Ry �xOW h� QaD �U�U� ��yR��v uOwtv hQ�Q� ��Q� OQi Ot�QO xm CU�
�Ovm�tv XNWt �Q O�Qi� �oOvR ���QW ���yvD� Ot�QO xwqa� �OwW�tv u��aD �yOt�QO uOW GQN
�oOvR ���QW Ot�QO u���B �D�Uv K�U OW���t �YNW xv�N ��Q�O xm �OQi ��Q� p�Ft Qw��
R� xO�iDU� x��Wt Qw�� �OQw��t sy�Qi ��Ot�QO K�U u�ty �� �QH�DUt OQi x� C�Uv �QDy�
sy�Qi �Q u�mt� u�� �yxv� Ry �CU�v VN� C���Q qt�m R�v Qki u��aD XN�W u�wva� xv� Ry
�Q QDtm �iQYt ��yxv� Ry �� O�Qi� �rw �OwW ���� RQ� �oOvR ��yOQ�Ov�DU� Q�v R� Qki xm OvQw��t
�yq�m ��NDv� xH�Dv QO �yxv� Ry uOw� u���B CU� umtt �Q� R �CiQo Q�v QO QDQ�ki �k�kO u�wD�tv

�OW�� xO�O MQ �a�tDH� ��yC�r�ai �NQ� QO CmQW sOa QF� QO �� QDv�RQ� C�tON w
�irDNt ��yVwQ ��O�� Ea�� Qki h� QaD QO s�y�� w �oO�J�B Cio u�wD�t Ck�kL QO
��yVwQ �XN�W l� �UwD Qki �Q�oxR�Ov� ��yD�OwOLt p�rO� �CU� xOW u� ���� RQ� ��Q�
x� w OvOQm�t xO�iDU� R�v �Qo�O ��yYN�W R� xv� Ry w Ot�QO Q� xwqa xm OvOW KQ�t �Oa�OvJ
�Q Qki hrDNt ��yx�vH �yWwQ u�� �Ov��tv�t Tmavt QDy� �Q O�Qi� �oOvR ���QW CQwY u��
Qki R� �QDxOQDUo swyit xH�DvQO w �OvR�U�t xYqN OL�w �OOa QO �Q �yv� s�tD w xDiQo Q� QO
xm CU� u� �Oa�lD ��yVwQ x� C�Uv Qki �Oa� OvJ p�rLD xOta C� Rt �Ovvm�t KQ�t �Q
x� xHwD �� �OvyO�t Q�Qk x�Lqt OQwt R�v �Q �oOvR Qo�O ���QW xmr� �O�t C�a�w �yvD xv
R� QD�U�vt ��DQt ��yYN�W x�rm T�U� Q� u� p�rLD Qki pt�m �UQQ� ��Q� �	��
� �uqw Q�v
xv�N �l �WwB �l �QwN Ovv�t �U�U� ��yR��v p�xO�� Qw�� p�rLD �wv u�� �CU� �r�t ��yr�rLD
�� xm ���yQ�eDt Q��U xQ�� QO �D�aq�� pt�W Ov�wD�t w OQ�o�t Q�v QO R�v �Q �oOvR C�twRrt w
��Lt�VQwQB w VRwt� ��DtqU �Q�m ���QW �Ce�Qi C�kw� Ovv�t� Ov���DQ� QO �a�tDH� �oOvR

�OvW�� ��a�tDH� ��yD�r�ai w �oOvR
O�m �D Qki �Q�oxR�Ov� QO �r�t OQ�wt RH� �Qo�O ��yx�vH Q� Ov�xO�Wwm �Q��U� u�kkLt
�Q pt�m Ot�QO u�v� �OvOwtv KQ�t �Q pt�m Ot�QO swyit �	��
� �uwUOQ�J� Q w �RQw�QD �Ov��tv
�OvOQm h� QaD CtqU w �DU� Ry� R� �Qo�O ��yxirwt �xwqa� Ot�QO h� QaD QO pwtat QY�va
��yxv� Ry T�U� Q� O�OH ��y xirwt x� �rwB VRQ� uO�OC�Uv xr�Uw� pt�m Ot�QO u�v�h� QaD QO
�� Whelan �� Travers �� Richardson
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��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

uw�D �OOQo�t x�U�Lt OvR�OQB� x��Wt C�tON O� QN ��Q� O��� O�Qi� xm �Dt�k �� Q�R�� CYQi
Qki ���� RQ� w OQm u��aD xat�H l� QO �twta ��yD�r�ai �� ���DQ� QO XN�W �� �	����OvU
uw�D �� QHD w �Q�v Q�m �	���� ��Uvq w lt �O�O s�Hv� u� R� XN�W �� T�U� Q� �Q
OYQO �� �UwD xm �OQ�wt T�U� Q� Qki R� �U��kt u�v� �OvO�O xaUwD w xOwtv KqY� �Q OvU
�	OwQr�y �OvO�O x��Q� Ow� xOW xO�O X�NWD Qki �UQQ� ��Q� sRq OQwt u�wva� O�Qi� QDW�� ��
sRq �OwOL �D u�wva� �OQ�wt uDiQo Q�v QO x� �w xm Cw�iD u���� ��y��Wt VwQ R�v �	��
�
OYQO T�U�Q� �vRw OQwt Qy x� �w �OQ� Q�m� Qki �Oa� OvJ �Q�oxR�Ov� ��Q� �CW�O O�kDa� R�v

�O�O C�Uv OvDUv�O�t sRq �Q u� xm �O�Qi�
�y�ov �� �OQ�PB�t s�Hv� Qki �N u��aD �UwD Qki �Q�oxR�Ov� ��Oa�lD �wJQ�J QO
��xOQDUo Q�v ��tH� Ci�� QO u�wD�t Qki �Oa�lD �Q�oxR�Ov� xv�tR QO xOWs�Hv� C�k�kLD x�
w �	���� ���v�R w �rw� QJ xm xvwov�ty �OQ�Ov OwHw Qki �N u��aD u�R�t w xwLv xQ�� QO
�OL �D Qki �N u��aD T�U�Q� Qki �Q�oxR�Ov� pmWt Ov�xOQm xQ�W� �	��
� u�Q�mty w ���rJ
xv�v��	k�w Q�ki Q�e w Q�ki xwQo wO x� xat�H O�Qi� j�kO �Ov�s�UkD xm CU� Ck�kL u�� xH�Dv QO
OQi wO xm CU�v Q�PBx�HwD �O�YDk� ��y�Q�PoDU��U �� ��DQt h�Oy� �NQ� R� Q�e x� w CU�v
OvQ�O Q�Qk Qki �N �wU wO QO xm lOv� �iqDN� ��Q�O w Q��Q� ���� QkD xv� Ry �� Ot�QO �� �Q�wv�N���
pt�m x�iQ C�a�w x� pt�m Qki C�a�w R� QPo xm �r�t u�� ��vt� �O�t�v Q�ki Q�e w Q�ki �Q
OvQ�O xO�ka R�v �	���� �Uvqw lt �OW���t �twta ji�wD OQwt CU� �H� QOD CQwY�
�va�� s�UkD x�kv u��aD xm OQ�O OwHw �ve x� Q�ki R� �oOvR ���QW Q��eD QO �DN�wvm� �wv l�
Qki �N u��aD �UwD Qki p�rLD Cio u�wD�t TB �OR�U�t �Q��DN� �OwOL �D �Q �Qki �N

�OW���t xOta C�OwOLt wO ��Q�O
�Ovvm�t �Q�oxR�Ov� XN�W l� x� xHwD �� �Q Qki �va� �OvDUy �Oa�lD �yWwQ u�� �	

��yr�rLD Qt� u�� �OvQ�O Q�kiQ�e w Q�ki CtUk wO x� �UQQ� OQwt xat�H s�UkD x� R��v �yv� ��
u�� R� �Q OW�� �UQQ� �w�wt Ov�wD�t xm Qki �D�P �oO�J�B �rw OR�U�t xO�U �Q xOW s�Hv�
C�HQO �� xmr� �OOQo XNWt u� OwHw sOa �� OwHw xm CU�v xDUUo ��xO�OB Qki �OQ��t

�OQ�O OwHw O�Qi� �oOvR QO �irDNt
�Q �Oa�lD ��yVwQ �� ���DQ� QO pw� pmWt Ov�wD�t �Oa� OvJ ��yVwQ R� xO�iDU�
xO�iDU� �� Qki ���� RQ� CyH QO w OvOW xO�O xaUwD Q�N� xyO wO QO �yWwQ u�� �O��tv hQ�Q�
�OvOW xDiQo Q�m� CU� O�Qi� �oOvR hrDNt O�a�� xOvyOu�Wv xm Qki ��yYN�W R� ��xawtHt R�
uqw �OvW���t Qki hrDNt ��yYN�W xawtHt R� �YN�W �ki xv� Ry w Ot�QO �yWwQ u�� QO

�CU�xOwtv u��� Q� R CQwY� �Q �Oa� OvJ ��yVwQ xOta ��yD� Rt �	��
�
�OvyO�t Qki C�y�t w swyit x� �QDW�� jta �yWwQ u�� �	

�OvR�U�t QDv�U� �yD�r�ai w �yq�m R� ��xawtHt x��B Q� �Q xat�H hrDNt ��yywQo u�� xU��kt ��
�O����t �QDW�� C�ty� �rrtr�u�� ��yr�rLD w x� RHD QO C� Rt u��

	� Mack and Lancy �
� Hallerod ��� Cerioli and Zani ��� Cheli
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�UwDQki C�a�w ���� RQ�QO Ov�wD�t xm Ot�QO ��Wv w R�Qi x� �QDtm C�U�UL �yWwQ u�� �

�OvyO�t u�Wv �O��tv O�H�� pmWt Ot�QO Q� �vD�t ��yVwQ

��yYN�W x� C�Uv OwN �ak�w Ot�QO Q�y�� QO u�� woNU�B ��xvwtv ��y�UQQ� QO �qwtat �

�Ovvm�t �QDW�� u�tDm Qo�O

xYqN �r�t w �O�YDk� Oa� QO �Q u� u�wD�tv �iQY xm CU� �Oa� OvJ w �mQt ��xO�OB Qki ��
QO C�twQLt xm OvDi�� QO �	���� ��TmvH w Q��t w xOW O���D R�v pta QO �aO� u�� �OQm

�OwW�t pt�W �Q �oOvR �DNU w CkWt R� �mJwm syU �yvD Ot�QO
pmWt Ov�wD�t Qki h� QaD QO �R�i ��yxawtHt x� Q�v �UwD xOWsy�Qi ��yQ�R�� R� xO�iDU�
�k�kOQ�e s�y�it p�rLD ��Q� x� Q�v u�� �O��tv hQ�Q� �Q �Oa�lD ��yVwQ �� ��DQt swO
OwHw Qki h� QaD QO �D�P Qw�� CkO sOa w s�y�� CW�O xHwD O��� �OW���t �U�vt Qki Ovv�t
Qki C�a�w R� �H� QOD QPo Ck�kL QO �OQm hPL u� h� QaD R� �Q s�y�� u�� u�wD�tv w OQ�O
��H� �R�i ��yxawtHt swyit R� xO�iDU� xat�H O�Qi� u�� QO Qki hrDNt C�HQO w x�iQ x�
��yVwQ Ov�wD�t x� Q�v u�� �OyO�t xwrH QD�Q�m Qki �Q�oxR�Ov� QO �Q �rwtat ��yxawtHt
��v�t Q� �Oa� OvJ ��yVwQ x� �Q Q�ki Q�e qt�m w Q�ki qt�m O�Qi� R� ��xat�H ��v�t Q� �Oa�lD
Qki �Oa� OvJ ��yr�rLD �Q��U� u�kkLt �OyO jwU Qki hrDNt C�HQO �� O�Qi� R� ��xat�H
��Q� VwQ u�� R��	���� �v�R w �rw� QJ �Ov�xOQ� Q�m� �Q �R�i ��yxawtHt x� Q�v T�U� Q�
�Qo�O O�Qi� xr�Uw� �yv� VwQ �OvOQm xO�iDU� ��r�D�� hrDNt ��yv�DU� QO �oOvR ���QW ���� RQ�
x�re ��Q� u��Q��v� �OW xO�O xaUwD �	��
� �� �Dv�DQ�t�wQB��J w �	���� �tr w �rJ Ovv�t
��yQ�R�� �� x�Qty hrDNt ��yYN�W �UwD Qki p�rLD x� R��v ��DvU VwQ ��yC�OwOLt Q�
�Q�tWQU C�Uv �va� Qki �Q�oxR�Ov� VwQ wO VN� u�� QO �s� Q�O �R�i ��yxawtHt x� Q�v
KQW pYit Qw�� Qki �R�i XN�W T�U�Q� �Q�oxR�Ov� VwQ w xYqN Qw�� �iO�YD x�rU w

�OwW�t xO�O

�Q�tWQU C�Uv �
�

VwQ OQ�wt u�� QO �OwQ�t Q�m� �xv� Ry �� Ot�QO Ovv�t �Qki XN�W l� �yvD �yr�rLD QDW�� QO
q�k xm �Qki �N R� QDv���B �yv� C�a�w xm �O�Qi� �va� � Q�ki O�Qi� O�OaD xm CU� u� pwtat
OYQO CQwY� w xOW s�UkD C�atH pm Q� u� Q�Okt w OwW�t x�U�Lt � CU� xOW XNWt
CQwY� u�wD�t �QC�Uv u�� �Ovt�v�t �Q�tWQUC�Uv �Q pY�L �OOaXN�W�OwW�t u���

�O�O u�Wv Q� R
HCR �

q

n

xat�H O�Qi� pm O�OaD n w OQ�O Q�Qk Qki �N R� QDu���B �yv� C�a�w xm CU� �O�Qi� O�OaD qxm
Q��DN� ���	� xR�� QO �Q�Okt xm CU� �y�O� w OQ�O ��xO�U Q��U� Q��aD �Q�tWQU C�Uv �CU�
��� Mayer and Jencks ��� Chiappero�Martinetti
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Q�ki xat�H O�Qi� s�tD �� OW��v Q�ki �OQi I�y xm ODi��t j�iD� �v�tR xR�� u�� ��yv�Qm �Ovm�t
l� �CUy R�v ���y�DU�m ��Q�O �Q�tWQU C�Uv �u�w�Qi xO�iDU� w �oO�U OwHw �� �OvW��
O�OaD �yvD �va� �OyO Q�Qk x�U�Lt OQwt �Q Qki COW Ov�wD�tv xm CU� u�� u� ha� x�kv
OQwt �Q �yv� C�akwt w O��tv�t x�U�Lt �Q OQ�O Q�Qk Qki �N R� QDu���B �yv� C�a�w xm �O�Qi�
l�ORv O�Qi� xty xm �D�a�w u�� �R��tD u�wD�tv C�Uv u�� �� p�Ft u�wva��OyO�tv Q�Qk �UQQ�
Q�Okt u�� u�vJty �OW p��k OvQDQwO Qki �N R� O�Qi� xm �Qo�O C�a�w w OvQ�O Q�Qk Qki �N
�OOa XN�W x� u��Q��v� �O����tv Q��eD ��DN�wvm� pY� �OOQo�t QDQ�ki �Q�ki OQi xm �v�tR
h�mW R� pmWt u�� uOwtv hQ�Q� ��Q� �qwtat � CUy R��v Qki COW �Q�oxR�Ov� ��Q� �Qo�O
xrY�i u�ov��t Qki h�mW �Ovm�t �Q�oxR�Ov� �Q Qki �jta ��� COW xm OwW�t xO�iDU� Qki

�OW���t Qki �N R� xat�H O�Qi� x�rm
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QX
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�	� xi
z
�

w s�i �Q�wv�N ��� OQi Ot�QO xi w Qki �N z u� QO xm

Gi �

�
z � xi � xi 	 z Qo �

� � CQwYv�� Q�e QO
�OwHw �� �OW�� xDW�O Q�Qk Qki �N R� QDu���B �rw OwW QD�ve ���OOQo QDQ�ki Q�ki Qo � �OW���t
OQ�w �Q�tWQU C�Uv x� xm �Qo�O O�kDv� �O��tv�t Q��eD Qki h�mW �O����tv Q��eD HCR xm
�OQi R� 	��vt ���H��H Ov�wD�tv �va� �Ovm�tv xOQw�Q� �Q p�kDv� pY� xm CU� u�� CU� xOW
��Q� �OOQo�tv x�U�Lt R�v Qki h�mW �UwD pY� u�� �OyO Q�Qk x�U�Lt OQwt �Q Qo�O OQi x�
�wkw �� ��DQt C�aq�� uU XN�W �OwW�t xO�iDU� uU XN�W R� Qki QO p�kDv� �Q�oxR�Ov�
uU XN�W u��Q��v� �OR�U�t xYqN OL�w �OOa QO �Q �Qki u�� �Q��Q��v w u� COW �Qki

�R� CU� CQ��a uU XN�W �OR�U�t xOQw�Q� �Q p�kDv� w �DN�wvm� pwY�
PS � HCR�I � k�	� I�Gp�

O�Qi� Ot�QO u�ov��t xq xm�I � 	� xq
z ��Ot�QO h�mW I ���Qki �v�H �� Q� Gp u� QO xm

x�ov� w Gp � � OW�� xDW�Ov OwHw Q�ki O�Qi� u�� �Q��Q��v Qo � �OW���t k � q
q�� w Q�ki

QO Rwvy C�Uv u�� ��Q�tWQU C�Uv R� xO�iDU� �� ��DQt ��yO�kDv� seQ�ra �Ps � PG

�CU� Q�PBu�mt� �oO�U� u� Q��aD �Q� R OQ�O �Q��U� xO�iDU� Qki C�ar��t
w pt�m �Q��Q� �N u�� K�U C�Uv R� CU� CQ��a �v�H �� Q	 
Gini Concentration Ratio ���
�� Q	 xJ Qy �CU� � w � u�� �OOa xm pt�m �Q��Q� �N Q� R K�U pm x� �Loranz Curve
 RvQwr �vLvt
QO �OW���t QDxvqO�a Q�e Ot�QO �� RwD �OW�� QDm�ORv � x� xJQy w QDxvqO�a Ot�QO �� RwD �OW�� QDm�ORv � x� �v�H
RvQwr �vLvt OR�U�t u�Wv Q��N �O��tv�t x�U�Lt �Q �Q��Q��v K�U V��Ri� �� �Q��Q��v �v�H �� Q	 Ck�kL

�OyO�t u�Wv �Q C�atH ��yOYQO w Ot�QO ��yOYQO u�� x���Q
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�iO�YD x�rU �
�

pmWt wO OwW�t �Q�oxR�Ov� �Ot�QO �� xv� Ry Ovv�t ��OL�w XN�W x� xHwD �� Qki xm �t�ovy
xat�H s�UkD w �U�vt Qki �N ��NDv� sRrDUt xm Q�ki OQi u��aD pw� pmWt �Ovm�t RwQ�
xQ�� QO �D�aq�� uOw� sy�Qi ZQi �� ��w� Qt swO pmWt �OW���t Q�kiQ�e w Q�ki xwQo wO x�
�N u��aD xm CU� �y�O� �CU� Q�ki O�Qi� u��t QO �Q��Q��v w Qki COW x� �Q�ki O�Qi� OYQO
xwqa� �CU� Q�PBu�mt� �DNU� OW�� �v�oty ji�wD OQwt xm ��U�vt XN�W ��NDv� w Qki
Q�Qk �Hm Qki �N xmv�� x� xat�H R� ���yywQo �� QwWm wO �Cw�iDt �v�tR x�kv wO QO Qki xU��kt

�CU� xDU��w OW�� xDiQ Q�m� �YN�W xJ w OW�� xDiQo
�Q� R �CW�O �OH xO�ka OL�w Qki �N u��aD uOw� umtt Q�e x� �	���� ��uwUv�mD�
x�rU s�v xm Owtv O�yvW�B �Q �WwQ �w �CU� xOw� xWk�vt OQwt �w�wt �OL u�vJ u��aD
�OW�� xOW 	k�w �zmin� zmax� u�at xR�� QO Qki �N s�vm ZQi �OW xO�yv u� Q� �iO�YD
xR�� QO Qki �N R� �Q�Okt Qy '�R�� �Qki �Ov�x�DQ uOw� x��Wt uwtR� T�U� Q� uwUv�mD� VwQ

�OQ�o�t pmW xOW xO�O
p�O�D �atHD 	� RwD xU��kt x� uwUv�mD� �UwD xOW O�yvW�B VwQ �Q�tWQU C�Uv ��Q�
�r�oJ 	��wD fY �t� w fX�t� w OvW�� �v�at XN�W R� 	� RwD wO Y w X O�vm ZQi �OOQo�t
p��iD 	� RwD wO xU��kt Qw�vt� �OvW�� �yv� �atHD �r�oJ 	��wD FY �t� w FX�t� w p�tDL�
QO Q�ki O�Qi� OYQO xU��kt ��Q� Q�Okt u�� �OOQo�t x�U�Lt $F �t� � FX�t�� FY �t�

�Owtv KQ�t CQwY u�� x��Q pw� x�DQt �iO�YD x�rU �QW uwUv�mD� �OW���t �y	� RwD
xH�Dv u�wD �t OW�� $F �z� 	 � ��zmin� zmax� xR�� R� z Qki �N Q�Okt Qy '�R�� Qo �$

%Tmar�� w OyO�t u�Wv X 	� RwD R� �Q �QDW�� Qki Y 	� RwD CiQo
�atHD 	� RwD 	��D R� QDq�� xW�ty Y �atHD 	� RwD 	��D xm CU� �vat u�� x� Qo�O �v��� x�
QwLt QO Q�v OQwt XN�W w �ki� QwLt QO C�atH �atHD OYQO V��tv �� �OQ�O Q�Qk X
	� RwD wO u�� ��rUD x���Q �OwW�t xO�t�v OQwNQ� �vLvt xm OOQo�t pY�L �Q�Owtv �Owta
�iO�YD x�rU �QW uwUv�mD� �OyO�tv MQ OvQ�O l �QDW� sy�� OQwNQ� ��y�vLvt xm �v�tR

�Owtv KQ�t Q� R CQwY� �Q swO x�DQt
x�ov��OW��$��z� �

R z
	 $F �t� dt 	 � xOW xO�O xR�� QO Qki�N Q�O�kt xty '�R�� Qo �$

%�CU� QDW�� X 	� RwD x� C�Uv Y 	� RwD QO Qki Cio u�wD �t
�rw �CUy swO x�DQt �iO�YD x�rU pt�W pw� x�DQt �iO�YD x�rU OQm C��F u�wD�t
Ot�QO Ovv�t ��OL�w XN�W x� �wHQ �UwD Qki xm �v�tR �CU�v K�LY smL u�� Twmat
�OW���t �Oa� lD ��yVwQ Q��U R� QDQFwt �iO�YD x�rU VwQ OwW�t �Q�oxR�Ov� �xv� Ry ��
��� Atkinson
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Qki �R�i XN�W �
�

QYva l� �rwtat ��yxawtHt h� QaD QO �CU� syi p��k �oO�U� �R�i ��yxawtHt xO��
C�a�w wO u�� u�� �QYva u��Q��v� �CU�v jraDt �qt�m �� CUy xawtHt x� jraDt �qt�m ��
��yxawtHt x� Q�v xOvvm ��O�� ��	���� ��xO�R QwUiwQB �UwD xm xvwov�ty �rw �OQ�Ov OwHw
xawtHt l� QO �Q �yv� C� w�a CkO� u�wD�tv xm OvQ�O OwHw '��W� R� �ywQo OW u��� ��R�i
VQDUo �� u��Q��v� �OvOQo�tv ���� Q �rwtat ��yxawtHt pwtWt '��W� u�� �Owtv u�at
CqmWt uOwtv hQ�Q� ��Q� �r�xO�� �wJQ�J �R�i ��yxawtHt x� �rwtat ��yxawtHt swyit
��xawtHt x� �QYva xmv� X�NWD ��Q� �k�kO Q��at �Dkw ��rwtat ��yxawtHt x� �w� Qt
O����t xR�H� QYva l� �R�i ��yxawtHt x� Q�v QO �OOQo�t ��yt �OQ�Ov OwHw CUy jraDt
CqmWt pL ��Q� ��U�vt Q�R�� x� Q�v u�� �OW�� xDW�O jraD xawtHt l� x� ��RH CQwY� xm
�t�y�it xm OW u��� p�k VN� QO �OQw��t sy�Qi Qki Ovv�t ��xO�J�B s�y�it u��aD x� �w� Qt
�OQ�Ov OwHw Q�kiQ�e w Q�ki O�Qi� u�� �YNWt RQt �Q� R Owtv u��aD u�wD�tv CkO� �Q Qki Ovv�t
x� �Q �yv� w O�t�v Q�kiQ�e �� Q�ki �qt�m u�wD�tv �Q xat�H ��yQ�wv�N �� O�Qi� s�tD Qo�O CQ��a x�
xv�tR u�� QO Ov�wD�t �R�i ��yxawtHt s�y�it R� xO�iDU� wQv�� R� �Owtv s�UkD �RHt xDUO wO
OQi Qy C� w�a 	��wD u��aD VwQ ��R�i ��yxawtHt h� QaD R� TB VN� u�� QO �OW�� O�it

�OwW�t xO�O KQW Q�ki O�Qi� xawtHt x� Q�wv�N ��
CQwY� X R� A �R�i xawtHt Q� R �OW�� u� R� �w�a x w xawtHt l� X O�vm ZQi

�OwW�t h� QaD Q� R CQwY� �DQt ��yHwR R� ��xawtHt
A � fx� �A �x�g

xR�� x� X xawtHt R� �DW�ov 	��D u�� �s�t�v�t C� w�a 	��D �Q �
A

w � x � X Qy ��Q�
u�at �A 	��D �� QYva Qy C� w�a u�R�t A �R�i xawtHt QO Qo�O CQ��a� �OW���t ��� 	�
�rwtat xawtHt l� A Qo � �OW���t A x� x jraD xHQO xOvyOu�Wv �

A
�x� �va� �OOQo�t

C� w�a 	��D Cr�L u��QO �O��tv�t Q��DN� �Q 	 w � Q�O�kt �ki u� C� w�a 	��D �OW��
�OOQo�t h� QaD Q� R CQwY�

�
A
�x� �

� 	 � x � A

� � x �� A

Qo � w �
A
�x� � 	 OW�� xDW�O jraD A x� �qt�m x Qo � �A �R�i xawtHt OQwt QO x��Wt Qw�� w

OW�� xDW�O jraD A x� ��RH CQwY� x Qo � Qo�O �wU R� w �
A
�x� � � OW��v A w�a x

A x� x C� w�a xHQO OOQo QDm�ORv l� x� �A�x� xJ Qy Ck�kL QO �� 	 �A�x� 	 	
�O����t V��Ri�

Q�kiQ�e �� w Q�ki �� �Q O�Qi� xty u�wD� xm CU�v j�kO QOkv� Qki swyit OW u��� xm Qw�v�ty
�OW�� O�it swyit u�� uOQm �D��rta ��Q� Ov�wD�t �R�i ��yxawtHt x� Q�v R� xO�iDU� �O�t�v
��� Zadeh
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Q�ki O�Qi� �R�i xawtHt Q� R �Q P �OW�� �yQ�wv�N �� O�Qi� R� ��xawtHt N � f	� ���� ng Qo �
�s�yO�t u�Wv Q� R CQwY� xOQm h� QaD

P � fi� �P �i�g

Q�ki O�Qi� �R�i xawtHtQ� R x� s�i OQi C� w�a xHQO xOvyOu�Wv �
P
�i�� i � 	� ���� n xm

�OW���t
�OOQo�t u��� Q� R CQwY� C� w�a 	��D Cr�L u��QO

��� ��!
�
P
�i� � 	 � Q�ki qt�m

�P �i� � � � Q�kiQ�e qt�m
� 	 �P �i� 	 	 � Q�ki �OwOL�D

VN� QO �OOQo�t XNWt �qt�m P �R�i xawtHt ��
P
C� w�a 	��D j�kO h� QaD ��

�s�yO�t KQW hrDNt ��yQ�eDt ��Q� �Q C� w�a 	��D u��aD Oa�

C�w�a ���wD �����

�� Q�ki O�Qi� xawtHt x� Q�wv�N �� OQi Qy C� w�a xHQO CU� sRq Qki �Oa� OvJ p�rLD ��Q�
Qy �OOQo XNWt ��i�m �� �tm ��oOvR ���QW �� ��DQt ��yYN�W R� ��xawtHt x� xHwD
�t u�Wv ��xvwo� �Q Qki �yv� R� s�OmQy w xOw� Qki R� �Y�N x�vH x� �w� Qt xOW ��NDv� XN�W
�OW���t XN�W Qy ��Q� �U�vt C� w�a 	��D ��NDv� Qki �R�i p�rLDQO �rY� xr�Ut �OyO
�OOQo�t XNWt �qt�m Q�ki O�Qi� �R�i xawtHt Owtv u��aD �Q C� w�a 	��D u�wD� Qo � Ck�kLQO
w �WRQ� OvJ ��WRQ�wO �Q�eDt �wv xU pk�OL s�����t QO Qki ��yYN�W Q� �r�tH� �y�ov ��

�OOQo x��Q� ��U�vt C� w�a 	��D ��wv Qy ��Q� CU� sRq w OvDUy X�NWD p��k �xDUw�B
w OW�� �oOvR ���QW �� ��DQt ��yYN�W R� ��xawtHt Y � fy�� ���� ykg O�vm ZQi
Q�ki yj XN�W x� C�Uv xm OW�� Q�wv�N �� O�Qi� R� ��xawtHt Q� R Zj � j � 	� ���� k xawtHt
uOw��Q�O �OQw� CUO� �WRQ� wO ��yQ�eDt ��Q� u�wD�t �Q C� w�a 	��D u� QDxO�U �OvDUy
�R�i Q�vOQwt xawtHt Cr�L u�� QO �OvDUy �yQ�eDt xvwov�� R� ��xvwtv �oOvR sR�wr w umUt
�yYN�W u�� C� w�a 	��D �CU�v �� w CUy Q�vOQwt XN�W ��Q�O �� OQi �Q� R �CU�v

�OOQo�t h� QaD Q� R CQwY�

�
Zj
�i� �

� 	 � yij � �
� � yij � 	
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� Q�Okt CQwYv�� Q�e QO w 	 Q�Okt yij OW�� s�j �q�m ��Q�O s�i OQi �Dkw u� QO xm
Q�Okt u�OvJ xm OvOQo�t Qy�� �i�m ��yQ�eDt �y�o �Oa� OvJ ��yr�rLD QO �O��tv�t Q��DN�
�r�N Q�O�kt �� �WRQ� OvJ �Q�eDt OwN Qki C�a�w R� OQi C�vyP p�Ft u�wva� �OvQ�PB�t �Q
C�i�m m �� yj XN�W Cr�L u��QO �OW���t O� �r�N w O� �tm ��UwDt ��wN �tm ��wN
xm Ov�xOW �DQt ��xvwo� �yD�i�m w Ovm�t Q��DN� fy���� � ���� y

�m�
k g xawtHt R� �Q VQ�O�kt

�O����t V��Ri� Qki COW Q�O�kt uOW O�� R �� �va� �OW�� Q�Okt u� QDW�� �� ��DQt Qki u� QDW��
CQwY� O�Oa� u�� u�� ���wQ �s� R�U ��DQt �Q O�Oa� y�r�j � r � 	� ����m C�i�m Qy x� Qo � p�L

�CU� Q� R
�
���
j 	 ��� 	 �

�r�
j 	 ��� 	 �

�m�
j

�yOVRQ� �wv u�� ���r�
j � r� r � 	� ����m xm OvwW�t ��NDv� ��xvwo� �re� O�Oa� u��

O�Oa� X�YDN� �� �OW�� u�Um� �yD�i�m u�� xrY�i xm CU� �U�vt �v�tR ��Q� ��YwYN
Qw�� u�wD� �Q Qki OwHw xm �D�a�w �� j��vt ��yQ�Okt uDi�� u�mt� yj �i�m Q�eDt x� �a���
�� ��DQt Q�Okt �min

j Qo � �OOQo�t QU�t Owtv OQ �Q Qki OwHw u�wDv xm �D�a�w w OQm OQ �rm
OwHw u�wDv xm OW�� �D�a�w �� ��DQt Q�Okt �max

j w OQm OQ �Q Qki OwHw u�wD� xm OW�� �D�a�w
�CU� Q� R CQwY� �v�R w �rw� QJ �UwD xOW �iQat C� w�a 	��D �Owtv OQ �Q Qki

�Zj �i� �

����� ����!
� � �ij 	 �min

j

	ij�	min
j

	max
j �	min

j
� �min

j 	 �ij 	 �max
j

	 � �ij � �max
j

CQwY� Qki OWQ �� 	��D u�� �CU� s�j XN�W �� ���DQ� QO s�i OQi �� ��DQt Q�Okt �ij xm
�O��� �t V��Ri� ��N

�OvwW�t Ci�� �oOvR ���QW �� ��DQt ��yYN�W u��t QO R�v xDUw�B ��yQ�eDt s�Hv�QU
C�k�kLD QO �OvW���t �DvU ��yr�rLD QO �wv u�� R� ��yQ�eDt u� QDOQ� Q�mQB Ot�QO w xv� Ry
�Ov�xO�O x��Q� OL�w �Qki�N uO�OQ�Qk ����DQt pmWt ��Q� �rL x�Q u�kkLt �NQ� xDiQo CQwY
OQwt Qki xv�DU� j�kO Q�Okt xQ�� QO O�OQD u�R�t u� QO xm Owtv KQ�t �Q �WwQ �	���� ���v�wm �m
R� xO�iDU� x� �	���� ��RmQW w QDUwi w �	���� uwUv�mD� Qo�O �wU R� �OQ�o Q�Qk x�U�Lt
u��aD ��H� xm OQ�O l �QDW� �w�wt u�� QO �yv� Q�m �OvDW�O xO�ka �iO�YD x�rU ��yVwQ
Qo�O ��xvwo� �CW�O Q�Qk u� QO �ak�w Qki �N xm OvDiQo Q�v QO �Q ��xR�� Qki �N K� QY
�Q�Okt �� ��DQt xm ymin

j pw� �OvOQm ZQi �Q �oOvR ���QW QO x�kv wO OwHw �v�R w �rw� QJ
R� QDu���B �Q�wv�N ���O�Qi� xm CU� jr�t Qki xv�DU� xOvyO u�Wv xm CU� Q�vOQwt XN�W R�
��� Kakwani �	� Foster and Shorrocks
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XN�W R� �Q�Okt �� ��DQt xm ymax
j swO OL �CUv�O Q�ki u�wD�t �O�OQD I�y uwO� �Q u�

xm �Q�O�kt ��Q� �Ov�wN Q�kiQ�e u�wD�t u�k� x� �Q u� ��Qw�t �Q�wv�N ��� O�Qi� xm CU�Q�vOQwt
�OQ�o Q�Qk ���	� xR�� QO u� Q�O�kt xm Owtv h� QaD �D� w�a 	��D O��� R�v OvQ�O Q�Qk OL wO u�� u��
xDUw�B O��� �CU� x�iQ Ow�y� xv�Wv �yv� Q�Okt V��Ri� xm ���yYN�W ��Q� pk�OL 	��D u�� xwqa�

�OvOwtv �iQat �Q Q� R C� w�a 	��D �v�R w �rw� QJ �OW�� �rwRv w

�
Zj
�i� �

����� ����!
	 � � 	 yij 	 ymin

j

ymax
j �yij

ymax
j �ymin

j
� yij � �ymin

j � ymax
j �

� � yij � ymax
j

�rw� QJ� O����t Q��eD ��N CQwY� x�kv wO u�� Qki u�R�t xm OvOQm ZQi u�v� xr�Uw u�� x�
	��D �yvD u�v� �UwD xOW h� QaD C� w�a 	��D CU� �y�O� ��O���tv xOy�Wt�Q 	��� �v�R w
OvJ �i�m ��yQ�eDt ��Q� �Q �Qo�O C� w�a 	��wD xm OvDUy R�v �Qo�O O�Qi� �CU�v umtt
VwQ �tr w �rJ ��	��� �tr w �rJ�	��
 u�Q�mty w �rJ�Ov�xO�O x��Q� xDUw�B w �WRQ�
C� w�a 	��wD �� ��DQt �yv� VwQ �xOta Cw�iD �OvO�t�v �TFR� �	��Uv w �R�i �qt�m �Q OwN
Q� u�v� VwQ xwqa� �CU�v �OL x�kv I�y uO�O Q�Qk x� R��v �yv� VwQ QO xm� Qw�� �Ow�
xDiQo pmW �v�w�Qi swyit T�U� Q� CW�O Q�Qk xrY�i ��v�t Q� xm �v�R w �rw� QJ VwQ hqN
pw�ODt �oOvR �twta ���QW ��wr�t C�a�w �� O�Qi� Qki C�a�w xU��kt ��H� �va� �CU�

�Ovm�t xU��kt O�Qi� Q��U �� �Q OQi Qy w OyO�t Q�Qk �UQQ� OQwt �Q xat�H QO
�OvO�O x��Q� �D�i�m OvJ ��yQ�eDt ��Q� �Q Q� R C� w�a 	��D �tr w �rJ

�
Zj
�i� �

��� ��!
� � yij � y

���
j

�
Zj
�y

�r���
j � �

Fj�y
�r�
j ��Fj�y�r���

j �

��Fj�y���j �
� yij � y

�r�
j � r � �� ���m

yj XN�W ��Q� r � 	 C�i�m ��Q�O xm �OQi jraD xHQO xOvyO u�Wv �
Zj
�y

�r���
j � xm

�� u� Q�O�kt xm CU� yj Q�eDt �atHD 	� RwD 	��D Fj ��vt� �CU� Zj xawtHt x� OW���t
OL u� QDtm QO Qki �Dkw C� w�a 	��D �R�UrOt �wv u�� QO �Ov�xOW �DQt Qki u�R�t V��Ri�
u�� u�� �Ovm�t Q��DN� 	 Q�Okt OW�� OwN OL u� QDW�� QO Qki xm �v�tR w � Q�Okt OW�� OwN
�� w OQ�o�t Q�Qk ��� 	� xR�� QO Q�ki O�Qi� xawtHt x� �Q�wv�N ��� OQi Qy C� w�a xHQO OL wO

�O����t V��Ri� Qki COW
�
� Totally Fuzzy and Relative
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V��Ri� xmv� x� xHwD �� �Q Q� R C� w�a 	��wD R� �m� �tr w �rJ xDUw�B ��yQ�eDt ��Q�
�OvDiQo Q�v QO OyO�t Vy�m �� V��Ri� �Q Qki Q�vOQwt XN�W

�
Zj
�i� � Fj�yij�

��
�Zj �i� � 	� Fj�yij�

�Ot�QO 	� RwD wO xm CW�O xHwD O��� �OW���t yj XN�W �atHD 	� RwD 	��D xOvyOu�Wv Fj xm
�y��Wt jraD xHQO OW�� u�Um� 	� RwD Qy QO O�Qi�C�akwt w OvQ�O Cw�iD �yOt�QO K�U QO �yvD xm
�yv� �Q�oxR�Ov� VwQ xm CU� u� R� �W�v Qt� u�� �Ot� Oy�wN CUO� 	� RwD wO QO OQi Qy ��Q�
�r�H �yv� �UwD xOW x��Q� C� w�a 	��D xm �OwHw �� �CU� xDiQo pmW �v�w�Qi T�U� Q�
QO xm CU� u� p�rO l� �OwW�tv xO�iDU� u� R� j�kLD u�� QO �r�qO Q� �v� OUQ�t Q�v�
CUO� O�Qi� Q��U x� C�Uv �w ��Uv C�akwt x� xHwD �� �yvD OQi Qy C� w�a xHQO �yv� VwQ
C� w�a xHQO �Q�vOQwt OQi R� QDu���B xv� Ry �� Ot�QO ��Q�O O�Qi� OYQO �yvD u��Q��v� �O���t
�OwW�tv x��Q� OwHwt �Ot�QO h�mW w �yOt�QO K�U xQ�� QO �aq��w OR�U�t XNWt �Q �w
TQDUO QO xOW �Ov�xk�� pw�OH CQwY� xm OW���t OwHwt C�aq�� �� ��DQt �Qo�O p�rO

�OQ�Ov �Q �i�m CkO pw�OH u�� R� xOW x�U�Lt �atHD 	� RwD 	��D w CU�

Qki ��yYN�W s�eO� �����

�OW xO�O KQW Qki ��yYN�W hrDNt ��wv� ��Q� C� w�a 	��wD h� QaD xwLv p�k VN� QO
C� w�a xHQO �UQQ� OQwtXN�W k x�C�Uv Q�ki O�Qi� R� �R�i xawtHt k ��Q� OQi Qy u��Q��v�
��P �i� �va�� P Q�ki O�Qi� xawtHt x� i OQi Qy C� w�a xHQO u��aD ��Q� uwvm � �OQ�O ���RHt
xHQO CQwY u��QO xm �s� R�U xYqN OL�w �OOa QO �Q xOt� CUO� C� w�a xHQO k O���
�wQ Q� Z�� Z�� ���� Zk �R�i xawtHt k �Qo�O �v��� x� �O���t CUO� OQi ���yv C� w�a
�yv� R� s�OmQy x� ��xv�o �OH C� w�a xHQO ��Q�O OQi Qy xm xOW h� QaD xat�H O�Qi� xawtHt
xm s����� �h 	��D O�����

P
�i� �va�� Q�ki O�Qi� xawtHt x� OQi jraD xHQO uDi�� ��Q� �OW���t

�s�W�� xDW�O �va� �Ovm p�O�D OL�w �OOa x� �Q jraD C�HQO

�
P
�i� � h

�
�
Z�
�i�� �

Z�
�i�� ���� �

Zk
�i�
�

xm OvQ�O xO�ka �	��
� �Dv�DQ�t�wQB��J �OQ�O OwHw �OOaDt ��yVwQ 	��D u�� h� QaD ��Q�
Qki ��yYN�W x�rm w OQ�o Q�Qk �yC� w�a xHQO Q�Okt u� QDW�� w u� QDtm u�� O��� �a��D u�vJ
Qorta u�wva� �vRw u�ov��t R� xO�iDU� 	��D u�� h� QaD ��Q� ��U�vt VwQ �OyO ��H OwN QO �Q
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h�

�
�
Z�
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Z�
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Zk
�i�
�
�

�	 kX
j��

�j��Zj �i��
�


�
�
�

u�ov��t x� p�O�D h �� 
 � �Dkw p�Ft u�wva� �CU� u�ov��t �wv �� ��DQt QDt�Q�B � �� � xm
xm �Dr�L QO �OOQo�t l�vwtQ�y u�ov��t x� p�O�D �� � �	 �Dkw w �OwW�t �UOvy
���yvRw xOvyOu�Wv xrO�atCU�QCtU QO �y�j �OOQo�t ���UL u�ov��t x� p�O�D h �� � 	
w �j � �� j � 	� ��� k u��Q��v� �OwW�t xO�O s�eO� Ov��Qi QO yj XN�W Qy x� xm CU�
�NQ� �Q� R �OUQ�t Q�v� �a��� XN�W Qy x� ���yvRw u�vJ X�YDN� �Pk

j�� �j � 	
�v�R w �rw� QJ �OvQ�O O�Qi� �oOvR ���QW ���� RQ� QO �QDW�� C�ty� x�k� R� Qki ��yYN�W
C�HQO R� Q�OuRw ���UL u�ov��t �UwD �Q Q�ki O�Qi� �R�i xawtHtQ� R x� OQi Qy jraD xHQO

�va� �OvOQm h� QaD Zj ��yxawtHtx� u�WD� w�a

�
P
�i� �

kX
j��

�j�Zj �i�

xrLQt u�� Cio u�wD� O��W �CU� �yOuRw �U�vt VwQ ��NDv� s�eO� Ov��Qi QO Oa� s�o
�Q Q� R ��yvRw X�YDN� �v�Rw �rw� QJ �OW���t Qki �R�i XN�W u��aD QO s�o u� QDtyt

�OvO�O O�yvW�B

�j �

ln

�
�

��
Zj

�
Pk

j�� ln

�
�

��
Zj

�
yj XN�W �� ��DQt Q�ki O�Qi� �R�i C�Uv xOvyO u�Wv ��

Zj
� 	�nPn

i�� �Zj �i� xm
�yOuRw VwQ u��QO �CU� Qki K�U u�ov��t Twmat 	��D �j ��yvRw VwQ u�� QO �OW���t
h� QaD QO �OwW�t xO�O �QDW�� C�ty� OvQ�O O�Qi� u�� QO �QDW�� �w�W xm ���yYN�W x�
u�� xm �OvQ�O Qki R� �QDW�� T�UL� OvDU�v �oOvR pw�ODt ��yYN�W ��Q�O �Dkw O�Qi� Qki ��Uv
�yOuRw �wv u�� xD�r� �Ovm�t x�HwD �Q �v�R w �rw� QJ �UwD xOWO�yvW�B �yOuRw VwQ Qt�
�Q OvDUy swQLt �Q��DN� CQwY� w xk�rU p�rO� �v�at C�r�ai �� q�m x� C�Uv O�Qi� xm �Dr�L
�QDW�� C�ty� R� O�Qi� ���QW ���� RQ� ��Q� �U�vt ��yYN�W ��NDv� xH�DvQO �OQ�o�t xO�O�v
��Q� u�at ��yD�r�ai QO CmQW sOa �� w X�N ��q�m uOw�v �Q�O wU l� R� �OwW�t Q�OQwNQ�
�qwtat Qki ��yYN�W Qo�O �wU R� w CU�v �v�Um� ��vat ��Q�O xat�H hrDNt ��yywQo
w �	���� �Uvq w lt �CU� �Q��DN� �OwOL�D xm OvwW�t ��NDv� �HQ�N Q��v �UwD
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��Q� �Q �oOvR R� �QY�va xJ xmv�� xQ�� QO O�Qi� R� VUQB pmWt u�� pL ��Q� �	��
� OwQr�y
�Ov�xOwtv x�YwD Ovv�O�t sRq Qki ���� RQ�

����at ��Q�O OUQ�t Q�v� O�it �v�R w �rw� QJ �UwD xOW O�yvW�B �yOuRw VwQ xJQo
�� xmv�� pw� �OyO�t MQ pmWt wO Qki ��yxv�Wv �v�w�Qi T�U�Q� �yO uRw �� �OW���t R�v
xOvyOu�Wv �� �WRQ�wO ��yQ�eDt ��Q� �CU�v u�Um� Q���aD ��Q�O �yQ�eDt hrDNt ��wv� ��Q�
swyit xDUw�B ��yQ�eDt ��Q� �OvDUy Q�ki Q�vOQwt XN�W x� C�Uv xm CU� �D�atH OYQO
Cio u�wD�tv ��twRr �OQ�O �Dw�iDt Q���aD ���NDv� C� w�a 	��D x� xHwD �� w CU�v K��w ��

COW CU� �WRQ� wO ��yQ�eDt ��Q� u� Q�Okt R� QDtm xDUw�B ��yQ�eDt ��Q� �� Q�Okt �Dkw
Q�PBxU��kt hrDNt C�y�t �� ��yQ�eDt u�� �� Q�O�kt p�rO u�� x� �OyO�t u�Wv �Q �QDtm Qki
��Q� �D� w�a 	��D ��NDv� �� u�Um� C�y�t �� ��yQ�eDt ��NDv� pmWt u�� pL x�Q �CU�v

�OW���t OyO CUO� �WRQ�wO ��yQ�eDt �� u�Um� Q��aD �� �� xm xDUw�B ��yQ�eDt
X�YND xmv�� OwHw �� xm CU� u�� �v�R w �rw� QJ �yOuRw VwQ x� C�Uv swO O�kDv�
QO �yYN�W �NQ� �OW���t syi p��k �oO�U� w xDiQo pmW Qki ��Uv h� QaD T�U�Q� �yvRw
pmWt u�� pL ��Q� �OvQ�O �oOvR ���QW ���� RQ� QO x�k� R� �QDW�� C�ty� OwN C�y�t
VwQ �O�O Q�Qk Q�vOt �yvRw u��aD QO �Q hrDNt ��yYN�W C�ty� R� O�Qi� ���� RQ� u�wD�t
Qy x� �U�vt ��yvRw X�YDN� ��Q� Qki xv�tR QO xQ�N O�Qi� C��� QHD w C�Q�v R� xO�iDU� Qo�O
�v�R w �rw� QJ �UwD xOW O�yvW�B �yOuRw VwQ xOW QmP CqmWt seQ� �OW���t XN�W
X�NWD ��Q� C�U�UL R�r�v� ��QH� xD�r� �OW���t ��U�vt pLx�Q OwHwt ��yxO�O x� xHwD��

�OW�� O�it Ov�wD�t R�v pY�L G��Dv Q� �yvRw QO Q��eD C�QF�

Qki �R�iXN�W �����

xO�O KQW Q�ki O�Qi� xawtHt x� �Q�wv�N ��� OQi Qy C� w�a xHQO u��aD �ovwoJ p�k VN� QO
Qki R� �YN�W �v�R w �rw� QJ �OW���t C�atH pm ��Q� �U��kt h� QaD �Oa� s�o �OW

�OvDN�U O�Qi� C� w�a 	��wD u�ov��t xr�Uw�

FIP �
	
n

nX
i��

�
P
�i�

xawtHtQ� R x� O�Qi� C� w�a C�Uv xOvyO u�Wv FIP u�v� Q�v x� xHwD �� �FIP � ���	� xm
��

P
�i� � � OQi Qy ��Q� Qo � �yvD w Qo � FIP � � XN�W u�� QO �CU� Q�ki O�Qi�

�v�tR �Q OwN Q�Okt u� QDW�� Qki �R�i XN�W Qo�O �wU R� �OvW�� Q�ki Q�e O�Qi� xty �va�
Qki C��yv R� ����QW ��vat x� xm ��

P
�i� � 	 OQi Qy ��Q� Qo � �yvD w Qo � OQw��t CUO�

�re� w OvyO�tv MQ �qwtat C�a�w wO u�� �OW���t �yYN�W xty x� C�Uv xat�H pm ��Q�
�OW���t O�Qi� Qki xHQO R� CN�wvm� w �OwaY �a��D FIP XN�W �� 	 �

P
�i� 	 	
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FIP Q�Okt V��Ri� Ea�� ����QW x�k� uOv�t C��F ZQi �� �O�Qi� �oOvR uOW QDO� u��Q��v�
�CU� Qki u��aD �DvU ��yYN�W R� �t�taD FIP xm Ov�xOQm xQ�W� �v�R w �rw� QJ �OOQo�t
Qo � �va� �CU� Qki x� RHD p��k ��yYN�W Tqm x� jraDt FIP Qki �R�i XN�W xwqa�
ZQi �� �xwQoQ� R l� QO Qki Vy�m xH�Dv QO �rm Qki OwW s�UkD xwQoQ� R OvJ x� C�atH pm
OwHw �D�Y�N u�vJ xmv�� ��Q� �O����t p�rkD ��yywQoQ� R Q��U QO C�a�w uOv�t �k�� C��F
u�wD�t xD�r� �OvW�� O�Qi� �t�tD QO �v�Um� ���Q� ��Q�O O��� hrDNt ��yYN�W OW�� xDW�O
QO XN�W Qy ��Uv C�ty� CQwYv�� QO �O�O X�YND xwQoQ� R Qy ��Q� ��xv�o �OH ��yvRw
�yywQoQ� R u�� xU��kt uOW xO�J�B Ea�� Qt� u�� �rw �CU�v u�Um� hrDNt ��yywQoQ� R

�OQ�Ov �U�vD Qki ��Uv h� QaD �� w OOQo�t

QwWm Qki C�a�w 	

w xv� Ry R� �Q�oQ�t� KQ� R� xOt� CUO� ��yxO�O �wQ Q� p�k ��yWN� QO xOW xO�O KQW VwQ
�RHt CQwY� ���DUwQ w �QyW j��vt QO w 	
�� p�U QO u�Q�� Q�t� RmQt �UwD xm Q�wv�N Ot�QO
�Q�OQwNQ� xQ�� QO �D�aq�� Q�wv�N Ot�QO w xv� Ry Q� xwqa KQ� u�� �CU� xDiQ Q�m� xOW s�Hv�
���QW ���� RQ� ��Q� �OQw��t sy�Qi R�v �oOvR xOta sR�wr w Cq�yUD w umUt xOta Cq�yUD R�
x� xHwD �� �OvOQo ��NDv� R��v OQwt ��yYN�W CU� R��v �OD�� �Qki �R�i XN�W �UwD �oOvR
pwOH QO �NDvt ��yYN�W �Owtv ��NDv� u�wD �t �Q XN�W �wv Q�yJ KQ� u�� ��yxO�O
	 pwOH QO �OW���t XN�W Qy ��Q� C� w�a 	��wD pmW u��aD Oa� s�o �Ov�xOW xOQw� 	
R� 
 w 
 ��yYN�W w xDUw�B �wv R� � w 	 ��yYN�W �Owtv xOy�Wt XN�W �wv wO u�wD�t
QO �OwW�t u��aD �oO�U� C� w�a 	��D ��WRQ� wO ��yQ�eDt ��Q� �OvDUy �WRQ� wO �wv
��xDUw�B ��yQ�eDt xm Ot�QO w xv� Ry ��Q� �CU�v �R�i �yQ�eDt xvwov�� C� w�a 	��D Ck�kL
hYv p�rLD u�� QO �CU� xOW xO�iDU� �v�R w �rw� QJ �O�yvW�B C� w�a 	��D R� R�v OvDUy
u�wva� 	� RwD xv��t Q��Q� wO w �Qki xv�DU�� u���B OL u�wva� Ot�QO w xv� Ry ��yYN�W 	� RwD xv��t
R� QDtm xv� Ry �� Ot�QO ��Q�O O�Qi� CQwY u�� x� �CU� xOW xDiQo Q�v QO �x�iQ xv�DU�� q�� OL
xDN�vW Q�kiQ�e �qt�m xv��t Q��Q� wO R� QDW�� xv� Ry �� Ot�QO ��Q�O O�Qi� w Q�ki �qt�m xv��t hYv
�CU� xOW xO�O u�Wv � pwOH QO ���DUwQ w �QyW j��vt ��Q� OwOL u�� Q�O�kt �OvwW�t

QO xOW xDiQo Q�m� ��yYN�W ��Q� xOt� CUO� ��yvRw w �R�i C�Uv xOvyO u�Wv 
 pwOH
Q�Okt u� QDtm w O����t Q��eD �a�Uw xOwOLt QO �� xm CU� u� xHwD p��k xDmv �OW���t p�rLD
�Q�OQwNQ�� ����	� u� Q�Okt u� QDW�� w �jQ� R� �Q�OQwNQ�� ������ �QyW j��vt QO u�
w ���

� u�� �� w OOQo�t xOy�Wt R�v ���DUwQ j��vt QO C�a�w u�� �OW���t �xv���Q R�
O��� �WRQ�wO w xDUw�B ��yQ�eDt u�� xS� w� Q�O�kt u�� xU��kt QO �CU� u�Uwv QO ������
uOw�v Q�OQwNQ� C�Uv xOvyO u�Wv �WRQ� wO ��yQ�eDt ��Q� �� xm CU� �y�O� �Ow� ��DLt
u�wD�t 
 pwOH R� �CU�v jO�Y xDUw�B ��yQ�eDt OQwt QO �r�t u�� xm�r�L QO CU�
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xH�Dv QO xm xOw� ���DUwQ w �QyW j��vt QO pwtat �q�m wO R�o j�H� w p�JN� xm Ci�� QO
R�v jQ� w �Wmxrwr �� R� �Q�OQwNQ� �OvDUy �yYN�W Q��U x� C�Uv �QDoQR� ��yvRw ��Q�O

�OvQ�O umUt xOta Cq�yUD u�� QO �D�a�w u�vJ
�yYN�W Q��U x�C�Uv �QDW�� Q�Okt pwtat ��yYN�W ��Q� �yvRw s�DW�O Q��Dv� xm Qw�v�ty
u� QDtm �QyW j��vt QO x�Qty uirD w xv���Q R� �Q�OQwNQ� x� �w� Qt ��yvRw p�Ft u�wva x� �OvQ�O
CU� xOW �W�v �Hv� R� Qt� u�� �Ov�xO�O X�YDN� OwN x� Qo�O ��yYN�W x� C�Uv �Q Q�Okt
Qo�O �wU R� �OvW���t u� Ok�i xat�H O�Qi� QFm � w OvQ�O xat�H QO �QDtm �w�W sR�wr u�� xm
X�YDN� OwN x� ���DUwQ j��vt �� xU��kt QO �Q �QDW�� Q�Okt �QyW j��vt QO �yvRw u��
j��vt x� C�Uv �QyW j��vt QO �QDW�� C�twta x�Qty uirD w xv���Q OyO�t u�Wv xm Ov�xO�O
���DUwQ w �QyW j��vt u�� QO �Q Cw�iD u� QDW�� �Wmxrwr R�o R� �Q�OQwNQ� �OvQ�O ���DUwQ

�CU� xOW ���DUwQ j��vt QO u� uRw Q��Q� 	� �QyW j��vt QO u� x� �w� Qt uRw w OQ�O
xO�O u�Wv ���DUwQ w �QyW j��vt QO Qki �R�i XN�W Q�O�kt 
 pwOH QN� Q�U QO
CUO� Qki xQ�� QO �vWwQ C�aq�� �R�i XN�W �O�Qiv� Q��aD xm CW�O xHwD O��� �CU� xOW
�OQ�Ov �QyW j��vt QO Qki �� ���DQ� QO �k�kO ��vat ���yvD x� ��	��� Q�Okt �qFt �OyO�tv
��U�vt�v ���QW �� CU� �oOvR �wN ���QW �� ��DQt Q�Okt u�� Cio u�wD�t �DNU x� �va�
XN�W Q�Okt �s� Q��t Q�m� ��xU��kt CQwY� �Q u� XN�W u�� C�y�t x� xHwD �� wQv�� R�
�oOvR ���QW OyO�t u�Wv xm OW���t ���DUwQ j��vt hYv ��� QkD �QyW j��vt QO Qki �R�i
���DUwQ j��vtQO um �U O�Qi� Qo�O �v��� x� �CU� ���DUwQ j��vt R� QD�U�vt �QyW j��vt QO

�Ovvm�t x� QHD �QyW j��vt u�vm �U �� xU��kt QO �Q �QDW�� Qki
	
�� ��yr�U �� QO ���DUwQ w �QyW j��vt QO �Q Qki �R�i XN�W Q�Okt R�v 
 pwOH
u�� �� QO ���DUwQ j��vt QO Qki Ci�� QO u�wD�t pwOH u�� R� �OyO�t u�Wv 	
�� �r�

�CU� xOQm �iL �QyW j��vt �� �QOwN xrY�i u�vJty �rw xOW QDtm �yr�U

�Q�oxH�Dv 


xO�O u�Wv �R�i ��yxawtHt �UwD Qki �Oa� OvJ �Q�oxR�Ov� OQ� Q�m R� ��xvwtv xr�kt u�� QO
x� w xDW�Ov �Q Qki �N u��aD Q� �vD�t �Oa�lD ��yVwQ ���at p�rLD �wv u�� �CU�xOW
Q��aD p��k �oO�U� VwQ u�� R� xOt� CUO� G��Dv xD�r� �OWN��t �QDW�� jta Qki swyit
R� xOt� CUO� G��Dv �OQ�O OwHw VwQ u�� �� ��DQt ��yQ�R�� w s�y�it xaUwD x� R��v w CU�v
j��vtQO �oOvR ���QW OyO �t u�Wv Q�wv�N Ot�QO w xv� Ry R� �Q�oQ�t� KQ� ��yxO�O p�rLD
j��vt x� C�Uv �Q �QDtm Qki j��vt u�� u�vm �U w OW���t ���DUwQ j��vt R� QD�U�vt �QyW
�rw CU� uOW QDy� x� wQ ���DUwQ j��vt QO Qki C�a�w u�vJty �Ov�xOQm x� QHD ���DUwQ

�CU� xOQm �iL �QyW j��vt ���Q OwN xrY�i
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umUt xOta Cq�yUD R� �Q�OQwNQ� ��
�Wm xrwr �� �	�


jQ� ���

�Wm xrwr R�o �
�

�sQo � s�tL �
�


Qrwm ���

uirD ���


�RmQt CQ�QL ���

xv�NRBW� ���


�oOvR xOta sR�wr w Cq�yUD R� �Q�OQwNQ� �	
�YNW p��twD� �	�

Crm�U QwDwt ���


xNQJwO �
�

����N MQJ �
�


w�O�Q ���

CwY ��� ���


O�iUw x��U uw� R� wrD ���

�ovQ uw� R� wrD ���


QR� Qi ���

p�JN� �	��


R�o j�H� �		�

�kQ� wQ�H �	��


�� wWU��r u�W�t �	
�

w�O� w �	
�

xv���Q �	��


x�Qty uirD �	��

Qki ���� RQ� ��Q� �NDvt ��yYN�W �	 pwOH

�p�� Q� q�� OL �p�� Q� u���B OL xk�vt XN�W

������� ������� �QyW xv� Ry
�
������ ������� ���DUwQ xv� Ry

������� ������� �QyW Ot�QO
	������� ������� ���DUwQ Ot�QO

	
�� p�U ����DUwQ w �QyW j��vt QO Ot�QO w xv� Ry u���B w q�� OwOL �� pwOH
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