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�yv� pL �OOa ��yWwQ w �iO�YD p�Uv�Qi�O CqO�at �iQat

�v�tkr O� Q� sU�k

OR� x�oWv�O ��	�� Q xOmWv�O

�OQ�o�t CQwY p�Uv�Qi�O CqO�at �UwD �m�t�v�O ��yxO�OB �R�U pOt �qwtat �xO�mJ
�R�U pOt ��Q� OwW�t Ea�� xm OQ�O OwHw �iO�YD �QYva �a��� ��yxO�OB R� �Q��U� QO
�re� �iO�YD pt�a u�� �qwtat �OOQo xO�iDU� �iO�YD p�Uv�Qi�O CqO�at R� �yxO�OB u��
��Q� n�r w u�t� Q ��yr�QoDv� R� s�v�wDv �D OwW�t Ea�� w OOQo�t Qy�� �O�iU xiwv pmW x�
�OW���t I� wvwD�QDU� �� wD�� p�QoDv� x� R��v pmWt u�� 	iQ ��Q� s�vm xO�iDU� Q��v �r�QoDv� CqO�at
��a� QmP x� sRq C�tOkt uOQw� w �iO�YD p�Uv�Qi�O CqO�at �iQat R� Oa� xr�kt u�� QO
l� pmW x� CqO�at R� xDUO u�� ��wH xm ���Hv� R� �s� R�OQB�t �yv� pL �OOa ��yWwQ R�
s� Qw�Ht �CU�v OwHwt u�tR R� �YNWt 	��D pmW x� w OW���t �Qv� w Ov��Qi� �iO�YD Ov��Qi
u�� ��Q� w CU� �iO�YD O�Oa� O�rwD x� R��v Q�m u�� ��Q� w s�vm �R�Ux��W �Q �yv� ��wH Q�Ut

�s�vm�t xO�iDU� �iO�YD�x�W O�Oa� O�rwD ��yOrwt R� Qw�vt

O�iU xiwv ��iO�YD x�W O�Oa� ��iO�YD p�Uv�Qi�O CqO�at ��O�rm ��yxS�w

xtOkt �
�iO�YD ��yQF� R� OvOw� Qw�Ht u�OvtWv�O �m� R�i ��yxO�OB �R�U pOt ��Q� p�k �xyO OvJ �D
sWJ �iO�YD ��yQF� EL� w pL uOw� pmWt w �wk ��yQDw�Bt�m OwHw sOa p�rO wO x� OwHwt

�Ovvm �WwB
O� Q�o� Q�v QO �Q Q� R x�rw� Q�Okt xr
Ut

y��t� � f�y�t��� y�t	� � y	� y � Rm� �	�

Q�Okt xr
Ut pL ��Q� �t�o�OvJ w �t�o�lD ��yWwQ s�v� �OOa ��yWwQ R� �rY� Tqm wO
h� QaD QO xm OQ�O �wQW ��Q� x�rw� Q�Okt l� x� R��v �t�o�lD VwQ l� �OQ�O OwHw jwi x�rw�
CUO� �r�k s�o x� xHwD �� xr
Ut ��wH s�o Qy QO TBU w OwW�t xO�O x�rw� Q�Okt xr
Ut
VwQ l� �UwD �qwtat xm � OQ�O �wQW Q�Okt u�OvJ x� R��v �t�o�OvJ VwQ l� �t� �O���t

�OOQo�t x�U�Lt �Oa� ��yt�o QO xr
Ut ��wH TBU w �OvwW�t x�U�Lt �t�o�lD
�� White noise
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u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��YwYN �Dwm�nv�Q ��yWwQ w �Qwr�D �uw�y �Qr� w� uwJ �t�o�lD ��yWwQ xm s�v�O�t
�	� �wv R� x�rw� Q�Okt xr
Utl� pL ��Q� ��xrLQt  ��Dwm�nv�Q ��yWwQ �va� �yv� u� QDQwyWt
��yWwQ s�taD �iQat x� �iO�YD p�Uv�Qi�O CqO�at �iQat R� TB xr�kt u�� QO �OQ�O OwHw

�s� R�OQB�t CqO�at R� xDUO u�� �� x���Q QO jwi

�iO�YD p�Uv�Qi�O CqO�at �

�DqO�at �OwW�t QHvt CqO�at R� �RHt Tqm wO x� p�Uv�Qi�O CqO�at QO�iO�YD ��yQF� xH�Dv
p�Uv�Qi�O CqO�at pw� xDUO �OvQ�O Q�PB�v jDWt �� Q�PB jDWt xvwtv ��yQ�Ut �yv� ��wH Ov��Qi xm
xr�Uw� xOW p�ta� l� �� �iO�YD x�rw� Q�Okt l� �� �iO�YD ���Q� ��Q�O xm OvDUy �rwtat
p�Uv�Qi�O CqO�at �Q CqO�at R� xDUO u�� OW���t �yv� R� ���m QD �� s�vt �iO�YD Ov��Qi l�
w OvQ�PB pL �rwtat p�Uv�Qi�O CqO�at xvwtv ��yQ�Ut �UwD xm s�t�v�t �pw� �wv �iO�YD
�OvDU�v �t EL� OQwt xm OvW���t Q�PB jDWt �a��wD Cr�L u�� QO ��wH Ov��Qi xvwtv Q�Ut

��N �iO�YD p�Uv�Qi�O �xrO�at p�Ft u�wva�

x� �
dx

dt
� a���x� b�t� ���

Q�Okt l� ��Q� �O� Q�o� Q�v QO �Q OW���t xDUw�B � Qy ��Q� t x� C�Uv b �xOW p�ta� Ov��Qi xm
�UwD ��wH t � � QO x	��� x�rw�

x�t� �� � exp�a���t��x	���� �

Z t

	
exp��a���s�b�s� ��ds�

�OvW���t t R� Q�PB jDWt �a��wD Kw�w� u� xvwtv ��yQ�Ut xm OwW�t xO�O
O�iU xiwv qFt s�vt�v �iO�YD Ov��Qi l� xOW p�ta� pt�a xm OvDUy �DqO�at swO xDUO
xDWwv u�O�tv Qw�� �iO�YD ��yr�Uv�Qi�O �UwD Cr�L u�� QO CqO�at xm OW�� �t ��Uwo
�yv� xm OvOQo�t Q�UiD I� wvwD�QDU� �� wD�� �iO�YD ��yr�QoDv� �� �r�QoDv� CqO�at�UwD w OvwW�t
��yQ�Ut R� �Q �Q�PB�vjDWt �rm Cr�L QO xm s�t�v�t �swO �wv �iO�YD p�Uv�Qi�O CqO�at �Q

�OvW���t �t EL� OQwt w OvQ��t EQ� x� �iO�YD ��yr�QoDv� QO Qv� w Ov� �Qi xvwtv
�OwW�t u��� Q� R �r�Uv�Qi�O sQi �UwD �	� wD�� �iO�YD �version� xNUv

dy � f�y�dt� g�y�dW� y�t	� � y	� y � Rm ���
�� random di�erential equations �� Gaussian white noise �� stochastic di�erential
equations
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Ov��Qi l� W �t� w �Oa� m� p �U� QD�t 	��D l� g ��Oa�m �Q�OQ� 	��D l� f �Hv�� QO xm
��wH �OvW���t pkDUt w Qr�mU� Qv� w ��yOv��Qi u� ��yxir�wt xm OW���t �Oa� p �iO�YD
CQwY� xm OW���t �Oa� m �Q�OQ� �iO�YD Ov��Qi l� ��� wD�� �iO�YD p�Uv�Qi�O xrO�at

OwW�t u��� Q� R �r�QoDv�

y�t� � y	 �

Z t

t�

f�y�s��ds�

Z t

t�

g�y�s��dW �s� �
�

u�vJty �OW���tW �t� Ov��Qi �� �	���� wD�� �iO�YD p�QoDv�l� �
� x���Q QO p�QoDv� u�twO
OwW�t xO�O Q� R �r�Uv�Qi�O x���Q �UwD ��� x� xDU��w I� wvwD�QDU� �iO�YD xNUv

dy � �f�y�dt� g�y�odW� y�t	� � y	� y � Rm ��

u� QO xm
�f�y� � f�y�� 	

�g
��y�g�y�

��y��wH ��Q�O I� wvwD�QDU� w wD�� hrDNt u���UL CLD �� w ��� �iO�YD p�Uv�Qi�O xrO�at wO
�qwtat �OW���t QDm�ORv �rwtat u���UL x� I� wvwD�QDU� u���UL uwJ �iQ� R� �OvW���t u�Um�
xrO�at l� s�O�O xm Qw�v�ty w s�vm�t xO�iDU� I� wvwD�QDU� �iO�YD p�Uv�Qi�O xrO�at pmW R�

�OQm p�O�D Q��v I� wvwD�QDU� pmW x� �� x���Q �UwD u�wD�t �Q wD�� �iO�YD p�Uv�Qi�O

�iO�YD x�W O�Oa� O�rwD 	

�DWoR�� �x���Q �UwD O�Oa� u��

Xn�� � aXn � b�mod c�

l� ��Q� �CU� �ivt Q�e K�LY OOa l� b w C�Ft K�LY O�Oa� c w a xm OvwW�t O�rwD
�Ovm�t O�rwD c� 	 �D QiY R� Q�O�kt K�LY xDiW� xr��vO l� sD� Qwor� X	 K�LY x�rw� Q�Okt
CN�wvm� Qw�� ���� QkD un � Xn

c O�Oa� OvwW ��NDv� �U�vt Qw� x� c w b �a ���Q� �Dkw
CU� QDW�� O�Oa� u�� O�OaD OwW ��NDv� QDoQR� c xv�t�B xJQy �OvwW�t 	� RwD ���	� �xR�� �wQ
��NDv� pw� c x� C�Uv O��� a �c R� QDtm Ow� QB �� pm�U uOt� OwHw� R� �Q�owrH ��Q� �qwtat w

�OwW
l� xm c � ��� � 	 w b � � �a.	����.�� R� �
�� �IBM � sDU�U p�Ft u�wva�

�Ovm�t xO�iDU� �iO�YD O�Oa� O�rwD ��Q� CU� pw� OOa
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�s�yO x��Q� hrDNt ��ya� RwD �� �iO�YD O�Oa� O�rwD ��Q� �Q �tD� Qwor� s�y�wN�t �rm Qw��
FX Qo � �s�vm�t h� QaD U � FX�x�U�� �UwD �Q x�U� �� 	 U 	 	 OOa l� ��Q�

�s� Q�O OW�� Q�PB Twmat

x�U� � F��
X �U�

�s� Q�O �rm Qw�� ��

x�U� � inffx 
 U 	� FX�x�g
Twmat �� Q�PB Twmat 	� RwD ��Q�O � � � QDt�Q�B �� ���tv �iO�YD Q�eDt p�Ft ��Q�

x�U� � F��
X �U� � � ln�	� U���

�OW���t � 	 U 	 	 ��Q�
��p�tQv� OQ�Ov�DU� �Uwo �iO�YD ��yQ�eDt OQwt QO �qFtCU�v �oO�U u�� x� Q�m xW�ty �t�
�Ovm�t Q�wWO �Q Q�m u�� w OvOQo�t x�U�Lt �OOa ��yWwQ� 	� RwD 	��D �x�U�Lt ��Q� �yr�QoDv�

u�� x� Ovm�t ��vDH� xr
Ut u�� R� p�tQv �iO�YD ��yQ�eDt O�rwD ��Q� Qrwt�Tm �� VwQ
w N� xm O�O u�Wv u�wD�t OvW�� U���	� CN�wvm� pkDUt Q�eDt wO U� w U� Qo � xm ��DQD

h� QaD �� N�

N� �
p
�� ln�V��cos���U��

N� �
p
�� ln�V��sin���U��

�OvW���t pkDUt w OQ�Ov�DU� �iO�YD Q�eDt wO

wD�� pwtQi 


��	��� CU� l�Uqm u���UL QO ��xQ�HvR �xOa�k u�ty 	k�w QO wD�� pwtQi
��Q� OvW�� xDUw�B swO x�DQt ��RH C�kDWt ��Q�O F 
 ��� T �� R 
 Rm s�vm ZRi

�s�vm�t h� QaD u�vJ �Q Yt �iO�YD Ov��Qi t � t	 Qy

Yt��� � F �t�Xt����

Yt p�Uv�Qi�O ��Q� l�Uqm u���UL ��xQ�HvR xOa�k R� OW�� Q�PB jDWt xDUw�B Qw�� XtQo �
�s� Q�O

dYt �
�F

�t
�t�Xt�dt�

�F

�x
�t�Xt�dXt
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�UwD Xt Qo � �t� �OwW�t pY�L Oa� x� swO CqtH R� uOQm Q�viQY �� U Qwr�D �U� R� xm

Xt��� �

Z t�

t�

g�s� ��dWs���

s� Q�O OwW XNWt dXt � gdWt �iO�YD p�Uv�Qi�O �UwD �qO�at��

�dXt�
� � g��dWt�

�

xH�Dv QO w
E��dXt�

�� � E�g��dt ���
Qwr�D �U� R� xO�iDU� �� uwvm �

$Yt � F �t�$t� Xt �$Xt�� F �t�Xt� �

�
�F

�t
$t�

�F

�x
$x

�
�

	
�

�
��F

�t�
�$t�� � � ��F

�t�x
$t$x�

��F

�x� �$x��
�
� � � �

xm O�O u�Wv u�wD�t

dYt �

�
�F

�t
�t�Xt� �

	
�g

� �
�F

�x� �t�Xt�

�
dt�

�F

�x
�t�Xt�dXt

CtUk R� �Q dt pw� x�DQt �xrtH ��� �va� �OOQo�t Q�UiD u�ov��t 	� Qt Cr�L QO �w�UD xm
pwtQi �UwD xm CU� �iO�YD ��xQ�HvR xOa�k u�� xm �OyO�t CUO� Qwr�D �U� swO x�DQt

�OwW�t xDN�vW wD��
wD�� pwtQi QO �va� s�vm�t u��� dWt w dt ��yr�Uv�Qi�O R� �DqtH QO �Q wD�� pwtQi �qwtat
�iO�YD p�Uv�Qi�O l� �rm Cr�L QO �t� �s�yO�t Q�Qk �Q gdWt �va� u� �w�Ut dXt ��H�

pmW u�wD�t �va� OW�� dt �xrtH pt�W u�vJty Ov�wD�t

dXt��� � f�t� ��dt� g�t� ��dWt���

pmW� wD�� pwtQi u��Q��v� OW�� xDW�O �Q

dYt �

�
�F

�t
� f

�F

�x
�

	
�f

��
�F

�x�

�
dt� g

�F

�x
dWt ���

�OvOQo�t x�U�Lt �t�Xt� QO F ��RH C�kDWt xm �OOQo�t xYqN
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�iO�YD Qwr�D �U� �

Q�m� T�U�Q� �yv� R� �m� CU� umtt �	��	� �iO�YD Qwr�D pwtQi l� ��Q� Cr�L u�OvJ
s�vm ZQi �s�t�v�t Qwr�D�wD�� �U� �Q u� xm OwW�t �v� ��� wD�� pwtQi ��yQ�QmD uOQ�

dXt � f�t�Xt�dt� g�t�Xt�dWt

C�kDWt ��Q�O xm F 
 R� � R 
 R 	��D Qy ��Q� �OW�� �iO�YD p�Uv�Qi�O xrO�at l�
�s� Q�O ��� wD�� pwtQi �� OW���t xDUw�B ��RH

F �t�Xt� � F �t	�Xt��

�

Z t

t�

�
�F

�s
�s�Xs� � f

�F

�x
�s�Xs� �

	
�g

��s�Xs�
��F

�x� �s�Xs�

�
ds

�

Z t

t�

g�s�Xs�
�F

�x
�s�Xs�dWs

� F �t	�Xt�� �

Z t

t�

L	F �s�Xs�ds�

Z t

t�

L�F �s�Xs�dWs ���

u� QO xm t�t	� t� Qy ��Q�

L	 �
�

�t
� f

�

�x
�

	
�g

� ��

�x�

L� � g
�

�x

�OwW�t xYqN Q� R pmW x� ���w L�F � g w L	F � f s� Q�O F �t� x� � x ��Q� Kw�w�

Xt � Xt� �

Z t

t�

f�s�Xs�ds�

Z t

t�

g�s�Xs�dWs ���

CW�O s�y�wN s� Q� Q�m� ��� QO F � g w F � f 	��wD ��Q� �Q ��� pwtQi Qo � uwvm �

Xt � Xt� �

Z t

t�

�
f�t�� Xt�� �

Z s

t�

L�f�z�Xz�dz �

Z s

t�

L�f�z�Xz�dWs

�
ds

�

Z t

t�

�
g�t�� Xt�� �

Z s

t�

L�g�z�Xz�dz �

Z s

t�

L�g�z�Xz�dWz

�
dWs

� Xt� � f�t�� Xt��

Z t

t�

ds� g�t�� Xt��

Z t

to

dWs �R� ���
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xOv�t�k�� ��

R �

Z t

t�

Z s

t�

L	f�z�Xz�dzds �

Z t

t�

Z s

t�

L�f�z�Xz�dWzds

�

Z t

t�

Z s

t�

L	g�z�Xz�dzdWs �

Z t

t�

Z s

t�

L�g�z�Xz�dWzdWz

w F � L	g w F � L�f w F � L	f 	��wD ��Q� ��� QO ��OOHt �Q ��� pwtQi u�wD�t xm
�OQ� Q�m x� F � L�g

�iO�YD p�Uv�Qi�O CqO�at pL �OOa ��yWwQ �

wD�� Ov��Qi l� R� u�tR xDUUo ��y�� QkD u� QDxO�U R� �m�

Xt � Xt� �

Z t

t�

f�s�Xs�ds�

Z t

t�

g�s�Xs�dWs

QO X � fXt� t	 � t � Tg wD�� Ov��Qi s�vm ZQi �OW���t �	���� �t�� Q�t�Qr� w� �� QkD
�iO�YD p�Uv�Qi�O �xrO�at

dXt � f�t�Xt�dt� g�t�Xt�dWt

R�Qi� l� ��Q� �Ovm jOY Xt� � X	 x�rw� Q�Okt l� �� t	 � t � T �xR�� �wQ

t	 � h	 	 h� 	 � � � 	 hn 	 � � � 	 hN � T

u� tR x D Uw � B � iO� Y D O v ��Q i l � Q r � w� � � Q k D l � �t	� T � � v� tR �xR� � l � R�
�Q�QmD pmW QO xm OW���t Y � fY �t�� t	 � t � Tg

Yn�� � Yn � f�hn� Yn��hn�� � hn� � g�hn� Yn��Wn�� �Wn�
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N xm ���H hn � t	 � n�
xrY�ir� �w�UDt ��yv�tR QO Qr� w� �� QkD Q�O�kt R� fYn� n � ��	� � � � � Ng xr��vO
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dXt � fXtdt� gXtdWt
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Xt � X	�exp��f��
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��t�bWt�pmW� xrO�atK� QY��wHW � fWt� t � �g�xOW
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��wH ��� QkD w �ak�w Q�Ut $ � ��� w $ � ��� w g � 	 w f � 	�� w X	 � 	 ��Q�

CU� u�vJ

xO�iDU� s�ovy �Q s�o pw� xm CU� sRq OQ�Ov �O�� R CkO �t�� Q�t�Qr� w� VwQ xm ���Hv� R�
VwQ s�v� xOW KqY� ��t�� Q�t�Qr� w� VwQ R� �� �s�vm ��NDv� lJwm �t�� Q�t�Qr� w� VwQ R�

pmW� uw�y

Y� � yn � hf�yn� � g�yn�$Wn

yn�� � yn �
h

� �f�yn� � f�Y��� �
	
��g�yn� � g�Y���$Wn �	��

�U� R� L�g�t	� Xto�
R t
t�

R s
t�
dWzdWs �xrtH xm CU� u�� Qo�O O�yvW�B �s�vm xO�iDU�

pmW x� �	��� u��DWr�t VwQ �D xOQm xi��� �t�� Q�t�Qr� w� �� QkD x� �Q �iO�YD Qwr�D

yn�� � yn � hf�yn� � g�yn�$n �
	
�g�yn�g

��yn���$Wn�
� � h�

�OOQo pY�L
OW�� QD�U�vt �� QkD ��Q� �iO�YD Qwr�D �U� QDW�� CqtH R� xO�iDU� xm OUQ�t Q�v x�
w �iO�YD Qwr�D �U� QO OwHwt xv�o OvJ �iO�YD ��yr�QoDv� �x�U�Lt �U�U� p�mW� wO �t�
R� xO�iDU� Q� ptDWt ��yWwQ R� �D OwW�t Ea�� g w f 	��wD QDq�� �D�Qt C�kDWt �x�U�Lt

�OwWv xO�iDU� �iO�YD Qwr�D �U� QDW�� CqtH
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pkDUt pmW �OOQo xO�iDU� jDWt ��H� �r��iD ��y�� QkD R� xm CU� u�� �yWwQ u�� R� �m�
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sX
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�OvW�� xDW�O 	 R� QDW��
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�iO�YD p�Uv�Qi�O xrO�at ��Q� �Q I� wvwD�QDU� �wv R� �iO�YD Qwr�D�U� �Q��v wD�� ��yrwtQi w ���

dy�t� � f�y�t��dt� g�y�t��odWt

OvOQm G�QNDU� Q� R CQwY�

y�t� � y	 � f�y	�J	 � g�y	�J� � f ��y	��f�y	��J		 � f ��y	��g�y	��J�	
� g��y	��f�y	��J	� � g��y	��g�y	��J�� � f ���y	��f�y	�� f�y	��J			
� f ��y	��f ��y	��f�y	���J			 � f ���y	��f�y	�� g�y	��J�		
� f ��y	��f ��y	��g�y	���J�		 � f ���y	��g�y	�� f�y	��J	�	
� f ��y	��g��y	��f�y	���J	�	 � f ���y	��g�y	�� g�y	��J��	
� f ��y	��g��y	��g�y	���J��	 � g���y	��f�y	�� f�y	��J		�
� g��y	��f ��y	��f�y	���J		� � g���y	��f�y	�� g�y	��J�	�
� g��y	��f ��y	��g�y	���J�	� � g���y	��g�y	�� f�y	��J	��
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xHwD u�vJty �OOQo�t x�U�Lt xR�� ��yDv� QO ��N �UwDt Q�Okt C��yv QO w OwW�t x�yD
w J� �

p
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