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p�tQv ��yxDN�t� R� xO�iDU� �� �R�tt p�rLD

�R�OQB�v�J s�LQ ��Q�O��mQ sU�k

QyWtQN �u�O��� OL�w �tqU� O�R� x�oWv�O �

Q�t� xwQo �u�QtJ O�yW x�oWv�O �

�OW���t xwQo OvJ u�� �Ov�xOQ ��Q��tyt Q�R�� �LDA� �QW�i��N �R�tt p�rLD �xO�mJ
sr j�� OvW�� lQDWt Tv�� Q�wm T� QD�t �� xQ�eDt OvJ p�tQv 	� RwD ��Q�O �yUqm xm�t�ovy
LDA �CU� ���tvDUQO st� Rm �t �Ov�xOQ xOa�k �� pO�at w xOw� xv�y� LDA uUQ�B�ut�v
s�tYD ��yv�Qm w O���t V�B CQOv� �re� �yUqm uOw� p�tQv ZQi xrtH R� CU� ����at ��Q�O
xm OQm ZQi u�wD�t LDA s�taD ��Q� �Ovvm�tv �OH sy R� �i�m QOk x� �Q �yUqm ���N
T� QD�t w Cw�iDt ��yv�ov��t �� p�tQv 	� RwD ��Q�O xm Ov�xOW p�mWD ���yUqm Q� R R� �yUqm
s�tYD ��yv�Qm w OW���t �MDA� �xDN�t� Cr�L u�� QO �R�tt �OvDUy lQDWt Tv�� Q�wm
Q�PBu�mt� EM sD� Qwor� j� Q� R� �yvD �yQDt�Q�B OQw�Q� w xOw� xO�J�B w ��N Q�e �yUqm u��

�CU�
Q�PBu�mt� QW�i ��N �R�tt xr�Uw x� xm CU� �tyt h�Oy� R� �m� �R�tt QO O�a�� Vy�m
�Owtv xOy�Wt �Oa� wO ��yQ�Owtv QO �Q �yUqm u�wD�t QW�i �R�tt ��yQ�eDt xr�Uw� w OOQo�t
�UwD xDi�� VR�Q� ���i QO �yxO�O O�a�� Vy�m w OQ�OQ� QO �Q C�Y�N u�� R�v xDN�t� �R�tt
xO�O xaUwD p�tQv ��yxDN�t� xr�Uw� �R�tt xar��t u�� QO �CU� Q�PBu�mt� �yUqm Q� R u�ov��t
�R�tt ��yWwQ xU��kt ��Q� �Q ���� p�U QO �v�Uv� xaUwD VQ�Ro ��yxO�O TBU w OwW�t
�UwDt �v�Uv� xaUwD �� �yQwWm �q�� �v�Uv� xaUwD �� �yQwWm Tqm xU x� �yQwWm �Ov�xOQ ��Q�
MQv ��Q�O xDN�t� �R�tt xm OW xO�O u�Wv w OvOW xDiQo Q�v QO u���B �v�Uv� xaUwD �yQwWm w

�CU� �yQwWm �Ov�xOQ ��Q� �yWwQ Qo�O x� C�Uv �QDtm ���N

�Q�PB h��av� �R�tt p�rLD �EM sD� Qwor� ���xWwN p�rLD ��Ov�xOQ ��O�rm ��yxS�w
�v�Uv� xaUwD XN�W

xtOkt �
��yOQ� Q�m ��Q�O xmCU� xQ�eDt OvJ Q�t� QO syt C�aw�wt R� �R�tt �� Tqm OvJ �� wO �Ov�xOQ
�� x xOy�Wt OvJ �� l� X�YDN� �R�tt �rm Cr�L QO �CU� uwo �vwo ��yxRwL QO hrDNt
�� Linear Discriminant Analysis �� Mixture Discriminant Analysis
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��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

xawtHt OwW�t ZQi Q�m u�� ��Q� �CU� G�� G�� ���� GJ swrat �at�wH x� swrat�v Tqm
�CU� s�i xvwtv Tqm xOvvm XNWt giw OwHwt xi � �p u� QO xm CU� fxi� gigni�� �tvy�Q
xOW OQw�Q� ��yQDt�Q�B R� xO�iDU� �� TBU w OQw�Q� pOt QO �yQDt�Q�B �tvy�Q xawtHt R� xO�iDU� ��
x	 O�OH xOy�Wt �v��V�B CyH 	��D l� CQwY� �R�tt ��Q� xOa�k l� uOQw� CUO� hOy

�CU� �yUqm R� �m� x�
OwOL �D �yVwQ u�� CU� l�DUHr uw�UQoQ w ��N �R�tt �Q�t� l�Uqm w �DvU VwQ
	��� u�Qo�O w ��OQ�t� p�Ft u�wva x� �OvDUy OwHwt �Q�t� uwDt QO�qwtat w xDi�� xaUwD �O�� R
x�oQy �OvwW�t �wULt �� wN 	H�Qt l�DUHr �R�tt w ��N �R�tt ��Q� �	�� uUQOv� w
x�U�Lt p��k �DL�Q� R�v �R�tt ���N u��Q��v� w p�tQv R�v ��N �R�tt 	��D OvW�� p�tQv 	t�wH
Rwvy u�v�OQ�t� xr�Uw� �R�tt 	� RwD uOw� xO�J�B p�rO� �R�tt QO �swO xHQO VwQ �Ow� Oy�wN
�QDt�Q�B�v �swO xHQO xrtH R� ��N Q�e �R�tt ��yVwQ �	���� �w �CU� xaUwD p�L QO

�CU� xO�O Q�Qk �UQQ� OQwt �Q � � � w
�yxO�O �R�tt 	��D �DQwY u�vJ QO �O���t V�B CQOv� �yUqm uOw� p�tQv ZQi xv�iU�Dt
pL ��Q� j� Q� l� �Ci�� Oy�wN V��Ri� �R�tt ���N w Ovm�tv �OH sy R� �QFwt CQwY� �Q
�va� Ov�p�tQv ���yUqm Q� R pt�W �yUqm OwW ZQi xmv�� x� CU� LDA s�taD ZQi xr�Ut u��
QO �w�wt u�� �Ow� Oy�wN xDN�t� R�v xDiQ Q�m� �R�tt u��Q��v� w Ov�xDN�t� 	� RwD ��Q�O �yUqm
�CU� xOW O�yvW�B �	��	� u�Qo�O w CUmD w �	���� uqJq lt xr�Uw� �Q�t� C�HDWwv
Q� R R� Tqm Qy Ov�xOQm ZQi �yv� �Ov�xO�O VQDUo �Q �r�t u�� �	���� �v�Q�W��D w �DU�y
LDA �OvDUy lQDWt ��yTqm u�� w uwQO Tv�� Q�wm T� QD�t w Cw�iDt u�ov��t �� ���yUqm
LDA �� CU�yxO�O O�a�� Vy�m ��Q� �OvtOwU Q�R�� xmr� OwW�tv xO�iDU� �Ov�xOQ ��Q� �ki
u� QDW�� xm ��xvwo� O�O V��tv �Oa� wO ��yQ�Owtv �r�e QO �Q �yxO�O R� Tqm u�OvJ u�wD�t
Vy�m u�wD�t w OQ�O �Q C�Y�N u�� R�v MDA OvW�� xDW�O �Q �yUqm u�ov��t u�� �R�U�OH
xm �Dr�L QO O�a�� Vy�m LDA QO �Owtv xOy�Wt ��yUqm Q� R� �yUqm u�ov��t �wQ �Q O�a��

�CU� Q�PBu�mt� Qt� u�� MDA QO �t� CU�v Q�PBu�mt� OW�� Tqm wO u�� �R�tt
�R�tt w �yQDt�Q�B OQw�Q� ��Q� EM sD� Qwor� w �UQQ� xDN�t� �R�tt p�rLD xr�kt u�� QO
xr�kt u�oOvU� wv xr�Uw� w O�yvW�B �v�Q�W��D w �DU�y xr�Uw� sD� Qwor� u�� �CU� xOW O�yvW�B
�R�tt ��yxr�kt swO VN� QO w CU� xOW xDiQo Q�m� �v�Uv� xaUwD ��yxO�O QO TBU w j���v�
x� sQ�yJ VN� �OwW�t pt�W �Q MDA x� LDA xaUwD xr�kt swU VN� w QwQt ��N
xaUwD ��yxO�O sHvB VN� QO w OR�OQB�t MDA �R�tt QO xO�iDU� ��Q� EM sD� Qwor� j���v�
��yVN� s�Hv�QU Ov�xOW xDiQo Q�v QO QDA w LDA �� MDA u�� xU��kt ��Q� �Q �v�Uv�

�Ow� Oy�wN MDA XwYN QO �Q�oxH�Dv l� xr�kt ���yv
�� Quadratic Discriminant Analysis
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u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

LDA ��N �R�tt p�rLD �

QO X ��QW �r�oJ CQwYv�� QO fxi� gigni�� �tvy�Q xawtHt �R�tt xr�Ut QO O�vm ZQi
�Ow� Oy�wN Q� R CQwY x� s�j Tqm

pj�x� � ���j��� � P �X � x j G � j�

�j ��� j� �
� exp

�
�	

�D�xi� �j�

�
�	�

�Ow� Oy�wN Q� R CQwY x� C�Oy�Wt ���tvDUQO sD� Q�or CQwYv�� QO

����j��� � �
JX
j��

X
gi�j

D�xi� �j�� nlog j � j ���

x� �gi�j w � w x u�� T�� wvq�y�t xrY�i D�x� �� � �x � �������x � �� �Hv�� QO
s�j Tqm u�W�B p�tDL� s� Q�o �CU� s�j Tqm QO �tvy�Q xawtHt C�Oy�Wt �wtHt �vat
OQw�Q� �tvy�Q xawtHt R� �� w CU� swrat p�k R� �qwtat xm OW�� P �G � j� � 4j CQwY�
QO 4� � 4� � ��� � 4J � �

J OW��v Qo�Om� Q� �yUqm K�HQD Q� �r�rO I�y Qo � OwW�t
p�tDL� Qo � C�x	� � j OwW�t �Ov�xOQ s�j Tqm x� x	 xOy�Wt TBU OwW�t xDiQo Q�v

�OwW st� Rm �t �yUqm x�k� u��t QO OW�� s�j Tqm R� xmv�� u�UB
P �G � j j X � x	� � max�P �G � � j X � x	� �
�

�OwW�t pO�at ���tvDUQO st� Rm �t �R�tt VwQ �� VwQ u�� OW�� P �G � j� � �
J x�o Qy

u�UB �r�oJ OvW�� lQDWt Tv�� Q�wm T� QD�t �� p�tQv 	� RwD ��Q�O �yUqm Qo � �	� x� xHwD ��
�Ow� Oy�wN Q� R CQwY x� s�j Tqm

P �G � j j X � x� �
4j���j���PJ
l��4l���l���

� exp

�
x�����j � 	

��
�
j�

���j � log4j

�
� exp

�
x�j � �j

�
s�tYD u�Qm �OQ�Ov �yUqm uOQm st� Rm �t QO �Q�F�D j x� C�Uv QUm GQNt uOw� C��F O�vm xHwD
Cq�tDL� ��Q�O xm OwW�t h� QaD ��kv R� ��xawtHt CQwY x� s�j w i Ovv�t Tqm wO u��

��va� OvDUy �w�Ut u�UB
bi�j � fx � �p	P �G � j j X � x� � P �G � i j X � x�g
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�CU� Q� R CQwY� Tqm wO u�� s�tYD u�Qm u��Q��v� w

�j � i�
�x� ��j � �i� � �

�OwW�t h� QaD Q� R CQwY x� s�j Tqm ��Q� �R�tt 	��D � CU� x R� ��N �a��D xm

�j�x� � ��x�j � �j� ��

�OW�� Q�QkQ� Q� R x���Q Qo � CU� s�j Tqm x� x	 ��UDv� �Ov�xOQ xOa�k w

�j�x� � �min��x
�� � ���

�Uqm x� x	 O�OH xOy�Wt �yUqm u�W�B p�tDL� uOw� �w�Ut Cr�L QO xm OwW xHwD O���
xO�iDU� �� �w �� �OW�� xDW�O u� RmQt �� �Q T�� wvq�y�t xrY�i u� QDtm xm OwW�t �Ov�xOQ

�OvwW�t pY�L Q� R CQwY� ��� st� Rm �t u��Q��v� OvwW�t OQw�Q� �tvy�Q xawtHt R�

��j �
	
nj

X
gi�j

xi �� �
	
n

JX
gi�j

X
gi�j

�xi � ��j��xi � ��j�
� ���

��va� OvW�� hrDNt Tv�� Q�wm T� QD�t ��Q�O ��yUqm Qo � CU� QmP� sRq

pj�x� � ���j ��j�

u�� QO Ow� Oy�wN x R� swO xHQO 	��D CQwY x� ��N Q�e j w i Tqm wO u�� s�tYD u�Qm
��yxvwtv xR�Ov� uwJ Ow� Oy�wN JP � P �P���

� OvwW OQw�Q� O��� xm ���yQDt�Q�B O�OaD Cr�L
��Q� w CU�v OvtwQ�v swO xHQO �R�tt QO �yQDt�Q�B OQw�Q� u��Q��v� CU� C��F �tvy�Q xawtHt

�OwW�tv O�yvW�B P � � Cr�L

LDA QO O�a�� Vy�m ��

QW�i �O�yvW�B VwQ QO OQw� CUO� �	�
�� QW�i x� RHD �� u�wD�t �Q �R�tt QO O�a�� Vy�m
�OwW st� Rm �t Q� R QUm xm ��xvwo� � � �p uOQw� CUO� hOy

��B�

��W�

u� QDy� �CU� �ywQo uwQO Tv�� Q�wm T� QD�t W w �yywQo u�� Tv�� Q�wm T� QD�t B �Hv�� QO
�rm Cr�L QO CU� W��B T� QD�t xS� w Q�Okt u� QDoQR� �� j���t xS� w Q�OQ� � ��Q� ��wH
�R�tt ��yQ�eDt u��Q��v� CU� QiY Q�e xS� w Q�Okt min�J �	� p� ��Q�O QFm �OL T� QD�t u��
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�va� K � min�J � 	� p� xm OvW���t k � 	��� ����K w yk � ��kx CQwY x� QW�i
�R�tt Q�eDt wO OwW�t xO�iDU� �R�tt Q�eDt u�wva x� LDA QO QW�i pw� R�tt K R� �qta
Q�Owtv �r�e QO �yUqm V��tv ��Q� w OvQ�O �yUqm u�ov��t u�� �Q �R�U�OH u� QDW�� QW�i pw�
Qo � OwW�t �Ov�xOQ s�j Tqm x� x	 O�OH xOy�Wt QW�i ��N �R�tt QO �OvwW�t xO�iDU�

�OW�� �yUqm xty u��t QO u� QDtm Q� R �UO�rk� xrY�i

��j �x	� �
KX
k��

�yk�x	�� �yjk�
�

w �DU�y �yUqm uOw� p�tQv Cr�L QO �CU� s�j Tqm QO s�k �R�tt Q�eDt u�ov��t �yjk xm
�CU� LDA �� pO�at QW�i ��N �R�tt ���i QO �Ov�xOQ xm Ov�xO�O u�Wv �	���� �v�Q�W��D
�� pO�at �LDA� QW�i ��N �R�tt ���i xm uO�O u�Wv �	��� u�Qo�O w �DU�y u�vJty
QO CU� xOW xO�iDU� �yUqm uO�O u�Wv ��Q� xv�y� Q�O�kt R� xm CU� xQ�eDt OvJ ��N uw�UQoQ

k�X� � X �k ��N xv�oOvJ ��yvw�UQoQ R� ��xr��vO CQwY� u�wD�t �Q LDA �rm Cr�L
��UDv� w ��� ���� �K xv�y� Q�O�kt u��aD R� TB �R�tt R� pmW u�� O�O V��tv k � 	� ����K w
�U� QD�t Y xm OwW ZQi CU� Q� R CQwY� Q�m VwQ �OwW�t xOQw� CUO� �yUqm Om x� �yv�
w CU� l� u� Q�Okt s�j uwDU w s�i h�OQ QO x�ov� OW�� s�j Tqm x� jraDt xi Qo � xm CU�

�OvQ�O �Q QiY Q�Okt s�i h�OQ QO �yvwDU x�k�
V�B T� QD�t� X p��kt QO Y R� xQ�eDt OvJ ��N uw�UQoQ ���N xQ�eDt OvJ uw�UQoQ �	
�vw�UQoQ 	��wD Q�OQ� 
�X� w OW�� xOW VR�Q� Q�O�kt T� QD�t �Y s� Q�o OwW�t VR�Q� ��yQo�v��

�OW��
D� � Y �Y

n xm%�D�% � IK �QW ��Y � �Y xS� w ��yQ�OQ�u� QDoQR� R� �DK �xv�y� Q�O�kt ��
OQw�Q� xv�y� Q�O�kt T� QD�t %J �K OwW ZQi CU�yUqm u�W�B p�tDL� R� �Q�k T� QD�t

�OW�� xOW
�	� xrLQt QO �vw�UQoQ 	��wD Q�OQ� w ��� xrLQt QO xv�y� Q�O�kt T� QD�t R� xO�iDU� �� �


�
�X� �� %�
�X�
QO Q� R �UO�rk� xrY�i Qo � OwW�t �Ov�xOQ s�j Tqm x� x	 O�OH xOy�Wt Cr�L u�� QO

�OW�� u� QDtm �yUqm xty u��t

��j �x	� �
KX
k��

wk�
k�x	�� �
jk�x�
�

wk � �
r�k���r�k�

wCU� s�j Tqm QO 
k�x��vw�UQoQ 	��D xOWVR�Q� Q�O�ktu�ov��t �
jk�x� xm
s�k �rk w Ovvm�t p�O�D QW�i �R�tt ���i x� �Q �vw�UQoQ xOW VR�Q� ���i xm OvDUy ���yvRw
sD� Qwor� R� �	� xrLQt QO Qo � �OwW�t x�U�Lt sD� Qwor� ��� xrLQt QO xm CU� ��xS� w Q�Okt
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w �DU�y �Ow� Oy�wN ��N Q�e �R�tt CQwY u�� QO OwW xO�iDU� �QDt�Q�B�v uw�UQoQ R�
OwW xO�iDU� �R�tt p��Ut ��Q� �vw�UQoQ VR�OQBV�B l� R� xm �Q �WwQ Qy �	��� u�Qo�O
�R�tt OW�� ��N uw�UQoQ VR�OQBV�B Qo � u��Q��v� Ov�xO�t�v �FDA� �Q�PBh��av� �R�tt �Q

�Ow� Oy�wN ��N R�v

p�tQv ��yxDN�t� R� xO�iDU� �� LDA s�taD 	

��Q�O xirwt Qy u� QO xm OW�� p�tQv xDN�t� Tqm Qy QO �r�oJ 	��D �r�k VN� QO O�vm ZQi
s�j Tqm QO u��Q��v� OW�� �yxirwt x�k� �� lQDWt Tv�� Q�wm T� QD�t w OwN x� �w� Qt u�ov��t

�Ow� Oy�wN Q� R CQwY x�

pj�x� �

RjX
r��

�jr��xi� �jr���

�j ��� j��
� exp

�
�	

�D��jr���

�
���

p�tQv ��yxirwt R� l� Qy �oDN�t� ��yD�Uv �jr w s�j Tqm ��yxirwt O�OaD Rj �Hv�� QO
QO s�j Tqm u�UB p�tDL� xDN�t� �R�tt pOt QO �OW�� �t PRj

r�� ��jr � 	 xm CU�
�CU� Q� R CQwY x� OW�� xOW xOy�Wt x xm �DQwY

P �G � j j X � x� �

PRj
r�� �jr��xi� �jr���PJ

j��
PRj

r�� �jr��xi� �jr���
���

�CU� Q� R CQwY� �Hv�� QO ��QW ���tvDUQO sD� Q�or

�m��jr��� �jr� �
JX

j�J

log�

RjX
r��

�jrexp

�
�	

�D��jr���

�
�� n

� log j � j ���

��� x���Q Qo � �C�x	� � j �OwW�t xO�O C�Uv s�j Tqm x� x	 O�OH xOy�Wt MDA QO
�OwW st� Rm �t Qo�O ��yUqm s�tD u��t QO

P �G � j j X � x	� � max�P �G � � j X � x	�
�� Flexible Discriminant Analysis
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u�� OW���t j � 	� ���� J� r � 	� ���� Rj xmRj � �jr� �jr�� pOt ��yQDt�Q�B �Hv�� QO
QO xm CU� �y�O� Ov���t CUO� ��� x���Q uOQm st� Rm �t �� �tvy�Q xawtHt j� Q� R� �yQDt�Q�B
j� Q� R� O��� u��Q��v� CU�v Q�PBu�mt� �Q�ojDWt j� Q� R� ��� x���Q uOQm st� Rm �t MDA

�OwW st� Rm �t �OOa ��yWwQ

xDN�t� �R�tt pOt QDt�Q�B OQw�Q� 


C�Oy�Wt uOw� pt�m �v s�ovy QO xm Ov�xOQm KQ�t �yQDt�Q�B OQw�Q� ��Q� �	���� u�Qo�O w QDUBtO
���tvDUQO sD� Q�or QO ���Qoty x� uO�UQ �D �Q�QmD �WwQ EM sD� Qwor� �OQ�O OQ� Q�m
����tvDUQO st� Rm �t OQw�Q�� M xrLQt w ����� Q O�t�� E xrLQt Q�QmD Qy QO xm CU�yxO�O
�tvy�Q xawtHt QO xvwtv Qy xm CU�v XNWt j�kO Qw�� xDN�t� �R�tt pOt QO �OQ�O OwHw
xO�iDU� EM �OOa sD� Qwor� R� O��� ��� uOQm st� Rm �t ��Q� u��Q��v� OQ�O jraD Tqm Q� R s�Om x�

�Owtv
�E xrLQt

�QW x� CU� pt�m ��yxO�O ���tvDUQO sD� Q�or ���� Q O�t� pt�W EM sD� Qwor� R� E xrLQt
��yxO�O QO OW�� Q��DN� QO Q�QmD Qy QO �yQDt�Q�B K�LY Q�Okt w x xOW xOy�Wt Q�Okt xmv��
QO xOWto Q�O�kt xm CiQo Q�v QO pt�m �v ��yxO�O CQwY x� �Q C�Oy�Wt u�wD�t p�tQv xDN�t�
OvDUy XNWt ���OD�� ��yQDt�Q�B xmv�� ZQi �� �Hv�� QO OW���t xirwt Qy Tqm Q� R Om u�
��yxvwtv xty ��Q� OW�� s�j Tqm R� s�r Tqm Q� R x� jraDt xi xOy�Wt xmv�� uRw �� p�tDL�
�	���� uqJq lt x� u�wD�t C��F� ��Q� xm OwW�t x�U�Lt s�j Tqm QO �tvy�Q xawtHt

�OQm xaH�Qt

P �Cjr�xi� j xi� j� � �jr��xi� �jr���PRj
l�� �jl��xi�jl���

���

�M xrLQt
���tvDUQO st� Rm �t ��yOQw�Q� ��� x���Q E xrLQt QO xOW OQw�Q� �Cq�tDL�� ��yvRw R� xO�iDU� ��

�OvwW�t x�U�Lt Tqm Qy QO p�tQv xirwt Qy ��yQDt�Q�B ��Q�

��jr �
X
gi�j

P �Cjr�xi� j xi� j�
RjX
r��

��jr � 	 �	��

��jr �

P
gi�j

P �Cjr�xi� j xi� j�xiP
gi�j

P �Cjr�xi� j xi� j� �		�
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�� �
	
n

JX
j��

X
gi�j

RjX
r��

P �Cjr�xi� j xi� j��xi � ��j��xi � ��j�
� �	��

st� Rm �t ��yOQw�Q� OwW�t xO�O �	�� w �		� ��yx���Q �� ��� x���Q xU��kt R� xm Qw�v�ty
P �Cjr�xi� j xi� j� ��yvRw xm Cw�iD u�� �� OvDUy pt�m p�tQv Cr�L Ovv�t ���tvDUQO
�a��D OwN P �Cjr�xi� j xi� j� ��yvRw xmv�� x� xHwD �� �Ov�xOW �yUqm Qov�Wv 	��D u� Ro��H
x�U�Lt �Oa� ��yvRw �D xOW u� Ro��H ��� x���Q QO �	�� �D �	�� ��yx���Q OvDUy � w �jr R�
OyO �wQ ��� ��QW ���tvDUQO sD� Q�or QO ���Qoty �D OvwW�t Q�QmD QOkv� pL�Qt u�� OvwW
C�Uv �yxO�O ���tvDUQO sD� Q�or Q�QmD Qy QO xm CU� u�� EM sD� Qwor� �U�vt X�wN R� �m�
Q��eD u� R� p�k Q�QmD x� C�Uv ��� x���Q ��xrLQt QO Qo � u��Q��v� O����t V��Ri� �r�k Q�QmD x�

�OvwW�t xOQw� CUO� ���yv ��yOQw�Q� w OwW�t hkwDt sD� Qwor� OW�� xDW�O �tm
� w �jr ��yQDt�Q�B ��Q� ���OD�� ��yOQw�Q� w Rj �yxWwN xR�Ov� x� EM sD� Qwor� ��yQ�QmD
u�ov��t �Ov�xWwN sD� Qwor� R� u�wD�t Qw�vt u�� ��Q� OvQ�O P �Cjr�xi� j xi� j� ��yvRw w
��Q� sD� Qwor� u�� R� TBU w OQm u��aD ��yUqm Q� R O�OaD� �yxWwN ��Q� C��F Q�Okt l� �s�K
�tvy�Q xawtHt C�Oy�Wt xty ��Q� TBU OwW xO�iDU� Tqm Qy QO �jr �yUqm Q� R Rm �Qt OQw�Q�
CQwYv�� Q�e QO w RmQt u� QDm�ORv �jrQo � CU� l� �� Q��Q� P �Cjr�xi� j xi� j� s�j Tqm QO
Q�v OQwt xWwN x� ��� x���Q �� j���t x	 O�OH xOy�Wt �yQDt�Q�B OQw�Q� R� TB �CU� QiY
xO�J�B �a��D x� �yUqm u�UB p�tDL� uO�O Q�Qk �w�Ut �� MDA QO �OwW �t xO�O C�Uv
Tv�� Q�wm T� QD�t uOw� �w�Ut ZQi �� �DL MDA QO u��Q��v� O�UQ s�y�wN ��N Q�e w
�tyt ��yt�taD R� �m� u�� xm CU� ��NQ�e �yUqm u�� s�tYD ��yv�Qm ��yUqm Q� R� �yUqm

�O���t CUO� LDA QO �yUqm ��Q� xDN�t� p�tQv ZQi s�ovy xm CU�
O�a�� Vy�m �D OQw��t OwHw� �Q u�mt� u�� �yUqm Q� R Tv�� Q�wm T� QD�t uOw� �w�Ut ZQi
LDA �vRw xNUv �� xm Owtv ZQi u�wD�t Qo�O CQ��a x� OwW xOQw� CUO� MDA QO �yxO�O
�yUqm Q� R pm O�OaD R �

PJ
j Rj Qo � Ov�xOW �yUqm u� Ro��H �yUqm Q� R xm s�DUy wQ� wQ

Cr�L u�� QO OQ�o�t jraD �yUqm Q� R R� l� Qy x� OwN uRw �� C�Oy�Wt R� s�Om Qy xm OW��
w �vRw ��xawtHt Cr�L u�� QO �tvy�Q xawtHt u��Q��v� CU� xOy�Wt njRj pt�W s�j Tqm
xDiQo ltm EM sD� Qwor� R� xQ�� wO �CU� C�Oy�Wt R� n� �PJ

j njRj O�OaD x� xOW xOwRi�
Q�Ri� sQv OwW�t pL �vRw LDA xr
UtM xrLQt QO E xrLQt QO �yvRw x�U�Lt R�TB w OwW�t
�R�tt ��yQ�eDt x�U�Lt ��Q� xv�y� Q�O�kt R� M xrLQt QO xm OyO�t �Q u�mt� u�� xO�iDU� OQwt
CU� C�Oy�Wt uRwT� QD�t u�� ��yi�OQ xm OW�� �Qy�� MU�BT� QD�t ZnR Qo � OwW xO�iDU�
Tqm x� �w� Qt ��yUqm Q� R x�ov� OW�� s�j OW�� s� Tqm x� jraDt s�i xOy�Wt Qo � xm ��xvwo�
xHwD O��� OvQ�o�t �Q QiY Q�Okt s�ih�OQ QO �yUqm Q� R x�k� w OvwW�t QB xOy�Wt u�� uRw �� s�j
�n �

PJ
j��
P

gi�j

PRj
r�� P �Cjr�xi� j xi� j�� �CU� nQ��Q� �yvRw �wtHt xm CW�O

�� Kmeans
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�v�Uv� xaUwD ��yxO�O ��Q� CUQO�v �Ov�xOQ ���N MQv �	 pwOH
VwQ �tvy�Q xawtHt uwtR� xawtHt
LDA ��	�
 ��	�

QDA ����� ��	�	
MDA ����� �����

pOt 	�� VN� QO xOW xDio �	�
� pL�Qt R� xO�iDU� �� Z �Qy�� T� QD�t x�U�Lt R� TB
O�OaD �UwD �yxO�O O�a�� Vy�m LDA QO �OwW�t x�U�Lt Q�QmD Qy QO MDA xDi�� Vy�m
Vy�m �J � �� OW�� Tqm wO u�� �R�tt xm �Dr�L QO u��Q��v� CU� xOW OwOLt �yUqm
xQ�wty u��Q��v� OvwW�t �yUqm u� Ro��H �yUqm Q� R uwJ MDA QO �t� CU�v Q�PBu�mt� O�a��

�CU� Q�PBu�mt� O�a�� Vy�m w xOw� x�U�Lt p��k �R�tt ��yQ�eDt

�yQwWm �Ov�xOQ  �OQ� Q�m p�Ft �

QWDvt �Q �v�Uv� xaUwD VQ�Ro u�wva CLD �WQ�Ro xr�U Qy OLDt prt u�tR�U 	��� p�U R�
xDiQo Q�v QO Q� R ��yQ�eDt �yv� �v�Uv� xaUwD Q�v R� �yQwWm �Ov�xOQ ��Q� VQ�Ro u�� QO Ovm�t

�OwW�t
�OrwD wO� QO �oOvR x� O�t� �x�

�uq�UoQR� �O�wU�� MQv �x�
��r�YLD ��yxQwO QO �U� wv s�v OWQ MQv �x�

��rN�O Xr�N�v pwYLt xv�QU 
x�
p��k Q�e CQwY QO w �yQwWm xQWDvt �tUQ C�aq�� R� xO�iDU� �� qwtat C�aq�� �Qw�	tH
��yxO�O R� VQ�Ro u�� QO �OvwW�t OQw�Q� prt u�tR�U u�Qta xt�vQ� xr�Uw� C�aq�� uOw� O�tDa�
xU x� �yQwWm u� R� xO�iDU� �� w OwW�t x�U�Lt �HDI� ��v�Uv� xaUwD XN�W xOt� CUO�
u���B �v�Uv� xaUwD �� �yQwWm w �UwDt �v�Uv� xaUwD �� �yQwWm �q�� �v�Uv� xaUwD �� �yQwWm xOQ

�OvwW�t �Ov�xOQ

�R�tt p�rLD �� �yQwWm �Ov�xOQ ��

xU��kt ��Q� CU� xOW VQ�Ro QwWm 	�
 ��Q� �yQ�t� ���� p�U �v�Uv� xaUwD VQ�Ro QO
Qw�� QwWm 		� �MDA xDN�t� �R�tt w QDA swO xHQO �LDA ��N �R�tt ��yWwQ
�tvy�Q xawtHt ��Q� CUQO�v �Ov�xOQ ���N MQv w OvOW ��NDv� �tvy�Q xawtHt ��Q� �iO�YD
�� Human Development Index
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Discriminant Plot for true classes

Discriminant Var 1
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Ov�xOQm �OH sy R� �Q �yQwWm QDy� swO w pw� �R�tt ��yQ�eDt ��R�tt ��yQ�eDt �	 pmW
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uwtR� xawtHt u�wva x� Qo�O QwWm �� xOW x��Q� ��yrOt Q��Da� �UQQ� ��Q� TBU OW x�U�Lt
xO�iDU� �� uwtR� xawtHt C�Oy�Wt ��Q� CUQO�v �Ov�xOQ ���N MQv w Ov�xOW xDiQo Q�v QO
�	� pwOH R� xm Qw�v�ty CU� xOW x�U�Lt �tvy�Q xawtHt �UwD xOW OQw�Q� �R�tt 	��wD R�
��yWwQ x� C�Uv �QDtm ���N MQv ��Q�O Tqm Qy QO Tqm Q� R xU �� MDA OwW�t xOy�Wt
xOW xO�iDU� �yQwWm �Ov�xOQ ��Q� xDN�t� �R�tt R� u��Q��v� CU� swO xHQO w ��N �R�tt

�CU�

��Q� �Q xDN�t� �R�tt w ��N �R�tt ��Q� �R�tt ��yQ�eDt �w� Qt Q�Owtv �	� pmW
u� Ro��H �yUqm Q� R uwJ MDA QO OwW�t xOy�Wt xm Qw�v�ty OyO�t u�Wv �tvy�Q xawtHt
�yxQ��O uwQO O�Oa� CU� ��N Cr�L R� QDW�� �R�tt ��yQ�eDt O�OaD u��Q��v� Ov�xOW �yUqm
�R�tt ��yQ�eDt R� QDy� swO w pw� �R�tt ��yQ�eDt w OvW���t �yUqm Q� R RmQt xOvvm XNWt

�Ov�xOQm �OH sy R� �Q ��yUqm Q� R� �yUqm swU w swO
�q�� �v�Uv� xaUwD �� �yQwWm

��vwwrU� ��m �wrU� ��vwDU� ���r�QDU� ���v�BU� �x�wowQ� �V� QD� �u�tr� ��Ow� Q�� w �wo�Dv� �u�Dv�SQ�
�TwO� � Q�� �OvrU�� �OvrQ �� ��m� Qt� xOLDt Cq��� � u�DUrov� ��� Qa xOLDt C�Q�t� ���r�D��
�lQ� t v�O �lJ �QwytH �w o � � w D w O�O� vQ D �p� e DQ B �l � S r � � �
 vwQ � �u � QL � �T�t�y� �
�Q�k �TQ�k �Ovqvi �TOk Qor�eW� s� SQ �xU v�Qi �pW�U �T��wU �O�wU �QwB�ovU �uB�S
��Rr�t �Cr�t �Tw�D� Q�t �u�DUyr �nQw�t�Rmwr �C� wm ��� wvHxQm ��U�wQm ��O�v�m ��m� Q�DU�m

�u�vw� �nvm nvy �Ovry �OvrRw�v �SwQv � l� Rmt�u�DUQ�Ht
��UwDt �v�Uv� xaUwD �� �yQwWm

�p�� QwDwm � �QwO�wm � �u��Qm � �u�DUm� R� �u�DUvtQ� �uOQ� ��v��r� ��� wvH ��k� Qi� �u�H��� QP�
��t�v�B �x�wo �Q�B ��wB�B ��v�wUDw� ��w�rw� �R�r� �u�DUQ�er� �p� RQ� �u�Q�� ��RvwOv� �QwO�wr�Ur� �Q��RHr�
�QwytH ��m�vtO �u�t�rU Q��RH ��m���t�H �TvwD �x�mQD �u�DUvtmQD �Ovr��D �u�DUm�H�D �wQB
���Uw� CvU ��mvq �QU �wtwDw�U ��wt�U �xw��t� R ��v�twQ �O�iU x�UwQ �x�UwQ �u�J �um�vtO
�u�DUR�kQk ��H�i �u�B�r�i ��ve �u�ta �u�DU� Qa �x� QwU �s�v� QwU �Ovr� R�wU �Cv� w CvU
�u�� wo �O�OH �v�wo �q�tD�wo ��O�v�Qo �u�DUHQo ��� wm ���vm �wovm ����trm �Gw�t�m �OQwB�m �u�DUk�Rk
����r �wDwUr �u�v�r ��v�wD�r ��� wDq �Q�tv��t ��w�Ort �x�vwOkt �u�DUrwet �QYt �Vm �Qt �w�Or�t

�T�QwOvy �Ovy �s�vD� w �q�wRvw �x�wo �Q�m�v ����t�v ��vwD�r
�u���B �v�Uv� xaUwD �� �yQwWm

��OvwQ� �wU�i�v�mQw� �u�Dw� �u�v� �VOqov� ��Ov�ow� �xQD� Q� ��B w�D� �qwov� ��RmQt ��k� Qi�
�u�OwU �p�ovU ����t�R ��Ov�wQ �� Dw��H �w
r �tOQt �QwytH �O�J �wowD ���v�Rv�D �u�DUm �B
��wq�t �Q�mU�o �O�t �w��U��xv�o �xv�o ����t�o �u��o �TwQwtwm ��Q� wOxDwm �wovm �uwQt�m �uw
r�Q�U

�ut� ��D���y ��wDwv�w �x� QH�v �QH�v �p�Bv �l��t�Rwt ��v�D� Qwt ��r�t
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�Q�oxH�Dv �

�R�U�OH QO �i�m u�wDl�Uqm pw�ODt �R�tt �yUqm uOw� p�tQv Q�e p�rO� OW xDio xm Qw�v�ty
QO xDN�t� p�tQv 	� RwD uDW�O ZQi �� u�wD�t �R�tt QO �Q �QDt�Q�B VwQ l� �OvQ�Ov �Q �yUqm

�O���t CUO� ��N �R�tt QO syt s�taD wO ZQi u�� �� OQw� CUO� �yUqm
�CU� xO�J�B w ��N Q�e �yUqm u�� s�tYD ��yv�Qm �	

�CU� Q�PBu�mt� LDA hqN Q� O�a�� Vy�m OW�� Tqm wO u�� �R�tt xm�t�ovy ��
�r�rLD ��H� �OOa ��yWwQ R� xO�iDU� w xO�J�B C��U�Lt x� QHvt xJ Qo � xDN�t� �R�tt VwQ
xO�iDU� MDA VwQ R� u�wD�t j�kO ��yQ�Ri�sQv w �yxv���Q x� �UQDUO x� xHwD �� �rw OOQo�t
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